
XV Serbian mathematical congress, Belgrade, Serbia

Isogeny graphs, modular forms and signatures

Guido Maria Lido
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Abstract. Given p, ℓ different primes, the isogeny graphs G(p, ℓ) is defined as follows: the vertices are

supersingular elliptic curves E/Fp2 , the edges are ℓ-isogenies. Such graphs give an easy visualization of many

protocols in isogeny-based cryptography, e.g. the hash function [1] and the signature scheme [4].

It is immediate to see that from each vertex there are exactly ℓ+1 outgoing edges (the graph is regular). It

is less obvious that, as proven by Eichler in [5], isogeny graphs are connected and have the Ramanujan property :

the non-trivial eigenvalues fall in the Hasse interval.

We look at a generalization of these graphs, adding level structure to the elliptic curves: new interesting

phenomena arise, since the graph can be k-multipartite, but up to this, we prove the Ramanujan property using

modular curves.

The initial motivation for these generalitations was to prove security of a zero knowledge proof of knowledge

in [2]: the Ramanujan property implies that random walks mix fastly, i.e. that even for not-too-long walks, the

last visited vertex is close to uniformly distributed. In [3] we explored the problem in vast generality.
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