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XV Srpski matematiqki kongres, Beograd, Srbija

Poxtovani uqesnici i gosti Kongresa, dragi kolege i
prijateǉi matematike,

Sa velikim zadovoǉstvom i ponosom predstavǉamo 15. Srpski mate-
matiqki kongres, nacionalni skup sa me�unarodnim uqex�em, koji
se odr�ava u naxem prelepom gradu Beogradu, od 19. do 22. juna
2024. godine, u organizaciji Matematiqkog fakulteta, Univerziteta
u Beogradu i Druxtva matematiqara Srbije, u saradǌi sa brojnim
nauqno-istra�ivaqkim organizacijama prirodno-matematiqke grupacije
iz cele Srbije.

Ovaj Kongres predstavǉa ne samo glavni nauqni skup u oblasti
matematike u naxoj zemǉi ove godine, ve� i jedan izuzetan doga�aj
na me�unarodnoj nauqnoj sceni u oblasti matematiqkih i raqunarskih
nauka. Ovde smo da bismo obogatili naxe znaǌe, razmenili ideje, stvo-
rili plodne saradǌe i partnerstva i osna�ili nauqni podmladak u
ovim nauqnim oblastima.

�elimo da izrazimo svoju duboku zahvalnost Ministarstvu prosvete,
kao i Ministarstvu nauke, tehnoloxkog razvoja i inovacija Republike
Srbije, kompanijama Telekom Srbija, Banka Intesa i DataArt qija je po-
drxka bila od izuzetnog znaqaja za uspexno organizovaǌe ovog Kon-
gresa. Bez ǌihove podrxke, bilo veoma texko realizovati ovako veliki
nauqni skup.

Na ovom Kongresu, mi smo svi jednaki - iz razliqitih delova sveta,
sa razliqitim iskustvima i ambicijama, ali sa jednim zajedniqkim
ciǉem - da doprinesemo nauqnom napretku i razvoju matematike i
raqunarskih nauka u Srbiji i regoinu.

Neka ovi dani budu ispuǌeni novim otkri�ima, konstruktivnim raz-
menama ideja i rezultata, kao i inspirativnim nauqnim diskusijama.
�elimo Vam prijatan i uspexan boravak u naxem Beogradu na 15. Srp-
skom matematiqkom kongresu.

Organizacioni odbor 15. Srpskog matematiqkog kongresa

ORGANIZATOR
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SUORGANIZATORI

Druxtvo matematiqara
Srbije

Prirodno matematiqki
fakultet, Univerzitet u

Kragujevcu

Prirodno matematiqki
fakultet, Univerzitet u Nixu

Matematiqki institut
SANU

Prirodno-matematiqki
fakultet, Univerzitet u

Prixtini sa privremenim
sedixtem u Kosovskoj

Mitrovici
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Geometry of Harmonic Maps

Vladimir Marković
Senior Research Fellow at All Souls, Mathematical Institute, University of Oxford

e-mail: markovic@maths.ox.ac.uk

Abstract. Harmonic maps between manifolds play a prominent role in geometry. In the finite volume
they can be constructed as limits of heat flows. In this talk I will consider the non-compact case where
the heat flow methods do not work so well. I will state and discuss basic existence and uniqueness results
including the recent solution of the Schoen conjecture.

History of the Constraint Satisfaction Problem: Motivation, Techniques, Solution
and Beyond

Petar Marković
Department of Mathematics and Informatics, Faculty of Science, University of Novi Sad

e-mail: pera@dmi.uns.ac.rs

Abstract. I will start by reviewing the basic premises of the Descriptive Complexity (1980s) which
led to the formulations of the Constraint Satisfaction Problem and the Dichotomy Conjecture on its
complexity. Further, I will describe the methods which were developed in 2000s and 2010s, in various areas
of mathematics, to resolve that conjecture. Next I will give the basic ideas used in the two proofs of the
Dichotomy Conjecture (2017). Finally, the conclusion of the lecture is a review of the three directions of
further research, of which I am personally most interested in the return to Descriptive Complexity, into
more general settings than the Constraint Satisfaction, with the aim at eventually describing the class P.

www.smak15.matf.bg.ac.rs 15
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Supergeometry and supersymmetries: an introduction

Fabio Gavarini
University of Rome “Tor Vergata”

e-mail: gavarini@mat.uniroma2.it

Abstract. A “geometrical space” is a topological space endowed with a sheaf of commutative algebras:
choosing different local models for the space yields different kinds of geometry: (real) differential geometry,
(complex) analytic/holomorphic geometry, and algebraic geometry of schemes. In the last case, the sheaf-
theoretic perspective can also be replaced by functorial point of view, where each space is replaced by
its functor of points. In these geometries, symmetries are encoded into spaces which are also groups: this
yields (real or complex) Lie groups and group-schemes; when restricting to infinitesimal symmetries, one
considers Lie algebras instead.

Supergeometry is the outcome of playing the above game with commutative algebras replaced by com-
mutative superalgebras — i.e., Z2–graded algebras whose homogeneous elements commute or anticommute
with each other. Their symmetries are formalized by the notions of (real or complex) Lie supergroup and
of supergroup-scheme, and infinitesimal symmetries by that of Lie superalgebra.

In this talk I will introduce the basics of supergeometry and its symmetries, mainly stressing their
algebraic version, i.e. the algebraic supergeometry of superschemes and supergroup-schemes, following the
functor of points perspective. Besides introducing the basic definitions, I will focus onto the link between
supergroups and Lie superalgebras, and finally I will present the technique of studying supergroups via
super Harish-Chandra pairs.

Keywords: Superalgebra, Supergeometry, Algebraic Supergroups, Lie Superalgebras.
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Existence of Large-Data Global Weak Solutions to Navier–Stokes–Fokker–Planck
Systems

Endre Süli
Mathematical Institute, University of Oxford,

Andrew Wiles Building, Woodstock Road, Oxford OX2 6GG, United Kingdom
e-mail: endre.suli@maths.ox.ac.uk

Abstract. Since the pioneering contributions of Werner Kuhn, Hans Kramers and other scientists
working at the interface of polymer chemistry and statistical physics during the first half of the twentieth
century, kinetic models have been widely and successfully used to describe the motion of polymeric fluids.
The aim of this talk is to review recent results concerning the mathematical analysis of these models. We
focus in particular on questions of existence of large-data global-in-time weak solutions to kinetic models
of dilute polymeric fluids – a system of nonlinear partial differential equations involving the compressible
or incompressible Navier–Stokes equations, modelling the evolution of the velocity field and the pressure,
coupled to the Fokker–Planck equation satisfied by the probability density function for the random con-
figuration vectors associated with the directions of the backbones of noninteracting polymer molecules
suspended in a Newtonian fluid. We shall highlight some nontrivial open problems related to the break-
down of weak compactness in L1 and the appearance of the divergence of a symmetric positive semi-definite
matrix-valued defect measure in the balance of linear momentum equation in the Navier–Stokes system.
The key results discussed in the talk may be found in [ 1]–[ 5].

Keywords: Navier–Stokes–Fokker–Planck systems; global weak solutions; polymeric fluids.

References

[1] J. W. Barrett and E. Süli. Existence and equilibration of global weak solutions to kinetic models for
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Geometry of Harmonic Maps

Andrei Vesnin
Sobolev Institute of Mathematics and Tomsk State University

e-mail: andrei.vesnin@gmail.com

Abstract. Volume is a useful invariant of a hyperbolic 3-manifold which can be estimated from its
polyhedral decomposition. By Belletti theorem [1] the exact upper bound for the volumes of generalized
hyperbolic polyhedra with the same one-dimensional skeleton G equals the volume of an ideal right-angled
hyperbolic polyhedron whose one-dimensional skeleton is the medial graph for G. We will discuss the volume
bounds obtained in [2] for ideal right-angled hyperbolic polyhedra and in [3] for generalized hyperbolic
polyhedra. The bounds depend linearly of the number of edges of a polyhedron. As an application we
get the new upper bound for volumes of hyperbolic complements of links with more than eight twists in
diagrams.

References

[1] G. Belletti The maximum volume of hyperbolic polyhedra. Trans. Amer. Math. Soc. 2021, 374, 1125-
1153.

[2] S. Alexandrov, N. Bogachev, A. Egorov, A. Vesnin. On volumes of hyperbolic right-angled polyhedra.
Sbornik: Mathematics, 2023, 214(2), 148-165.

[3] A. Vesnin, A. Egorov. Upper bounds for volumes of generalized hyperbolic polyhedra and hyperbolic
links. Siberian Mathematical Journal, 2024, 65(3), 469-488.
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Hölder and Lipschitz continuity of mapping in the Sobolev classes W 1,p(G)

Miodrag Mateljević
University of Belgrade, Faculty of Mathematics and Serbian Academy of Sciences and Arts

e-mail: miodrag@matf.bg.ac.rs

Abstract. In this research among the other things, we combine the method of the flattering the
boundary with the Sobolev-Riesz embeddings theorem. Our results include domains which are locally
good Greenian and C1 domains.

In particular we study the Dirichlet problem for generalized harmonic mappings and boundary be-
haviour of partial derivatives for solutions to certain Laplacian-gradient inequalities and generalized har-
monic mappings.

Keywords: The Sobolev-Riesz embeddings theorem; Laplacian-gradient inequalities

References

[1] M. Mateljević. Boundary behaviour of partial derivatives for solutions to certain Laplacian-gradient
inequalities and spatial qc maps. Springer Proceedings in Mathematics & Statistics, 2021, 357, p. 393-
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[2] M. Mateljević, N. Mutavdžić. On Lipschitz Continuity and Smoothness up to the Boundary of Solu-
tions of Hyperbolic Poisson’s Equation. J. Geom. Anal, 34, 83 (2024).
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On Random Environment Integer-valued Autoregressive Models

Aleksandar Nastić

University of Niš, Faculty of Sciences and Mathematics, Višegradska 33, Niš
e-mail: aleksandar.nastic@pmf.edu.rs

Abstract. The main problem in modeling counting data is naturally defining the most suitable time
series model, which would be the best possible representation of the observed real-life data. The data which
we are interested are obtained by registering the correlated integer values of the particular phenomenon,
or simply as a result of counting realizations of some phenomena, or even the elements of an observed
population, in successive time intervals. The aforementioned data can be found in many fields of natural
sciences and humanities including medicine, economics, finance, telecommunications, criminology, sports,
etc. In order to model such data as well as possible, mathematicians used at first autoregressive time series
with continuous marginal distributions. This gave acceptable results only when it comes to phenomena
that generate extremely high realization values, where round-off error is negligible. On the other hand, in
situations when observations registered over time are not that high (lower than 106), previously mentioned
models cannot be used successfully. Slightly better results were achieved by involving Markov chains into
the modeling procedure, as described in [ 1]. Unusually big number of parameters was the key obstacle to
this idea. Few years later, several Discrete Autoregressive models of Moving Average (DARMA), based
on well known ARMA models, were defined in [ 2]. These models gave even better results. Finally, in
mid 1980s, [ 3] and [ 4] introduced in different ways an Integer-valued Autoregressive model of order 1

(INAR(1)), based on the binomial thinning operator. This newly introduced model gave a foundation to
the modern and contemporary approach in modeling the counting data sets.

However, INAR models based on binomial thinning were not suitable for describing, for example,
population sizes through time in situations where it can change not only by their members disappearance,
but also through their interactions or reproductions. With the aim od this kind model improvement, a
significant breakthrough was made in [ 5] with the introduction of the negative binomial thinning operator
and the so-called NGINAR model with a geometric marginal distribution. After that, a large number of
variations and generalizations of INAR models, in terms of their orders, thinning operators, dimensionality
and marginal distributions, have emerged in order to achieve more adequate fitting of counting data of
various kinds.

All mentioned models were stationary. But very often certain non-stationary characteristics have
appeared in the counting processes. So, that led us to our second milestone in INAR modeling, which was
introducing a completely new concept of model construction by incorporating in data-fitting the effects of
environment in which the counting process exists and which can change through time. We achieved this
in [ 6] by introducing additional (controlling) process (Markov chain) which by taking different values of
its random variables, so-called random states, in different periods of time, affects counting model values,
by directly defining its marginal distribution parameter values. Later, in [ 7] and [ 8] some generalizations
in respect of controlling the order of the model and correlation parameter value were presented using the
same random state controlling process which was obtained by some process values clustering algorithms.
Besides using well-known k-means clustering algorithm we have also tried to introduce more advanced
clustering mechanism for our specific non-stationary INAR values, which was presented in [ 9] and [ 10].
Some bivariate random environment INAR models, also driven by a single process of random states, were
successfully introduced in [ 11]

However, we have now realized that although the parameter values of the marginal distribution are
intuitively driven by the random process defined by clustering the counting process values, that might not
be the case with correlation parameter α. Namely, autocorrelation of the process should also depend on
environment conditions, but not necessarily in the same way as marginals. Therefore, we introduce a new

model with two control processes, where a separate and independent Markov process will determine the
correlation in the model. It is also obtained by clustering, but not the values of the INAR process, but its
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sample autocorrelation functions. On this matter we have results given in [ 12].

Keywords: Random environment; INAR; RrNGINAR; negative binomial thinning; counting process.
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Alasovim tragom do naxih dana

Vladimir Dragovi�
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e-mail: vladimir.dragovic@utdallas.edu

Apstrakt. Predstavǉamo genezu i razvoj geometrijskih ideja i tehnika u izuqavaǌu pokret-
nih singulariteta obiqnih algebarskih diferencijalnih jednaqina. Tako dolazimo do radova
Mihaila Petrovi�a Alasa i specijalno, do ǌegovih geometrijskih ideja izra�enih pomo�u
poligonalnog metoda sa kraja 19. veka. Sliqan, mada razliqit pristup se pojavio, ispostavǉa
se, i kod Henrija Fajna. Poligonalni metod se mo�e videti kao uopxteǌe ǋutn-Pizoovog metoda
prenetog sa algebarskih na diferencijalne jednaqine. Ove Alasove ideje, iako fundamentalne,
ostale su potpuno neprime�ene u savremenoj literaturi, a i pre toga. Zato ukazujemo na ǌi-
hov znaqaj sa taqke gledixta moderne matematike. Ujedno dajemo i kra�i pregled najnovijih
rezultata srpskih matematiqara o geometrijskim aspektima analitiqke teorije diferencijal-
nih jednaqina.

Kǉuqne reqi: Petrovi�evi i Fajnovi poligoni; pokretni singulariteti; Penleveove
jednaqine.
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Neki susreti vextaqke inteligencije, blokqejn tehnologije i
matematike

Miodrag Mihaǉevi�
Matematiqki institut Srpske akademije nauka i umetnosti

e-mail: miodragm@mi.sanu.ac.rs

Apstrakt. Razmatraju se neke ilustrativne me�usobne veze izme�u novih aktuelnih i na
matematici zasnovanih disciplina i tradicionalnih matematiqkih pristupa analizi. Gener-
ativna vextaqka inteligencija je otvorila novo poglavǉe u sveukupnom razvoju, a blokqejn
tehnologija se pojavǉuje kao jedan od bitnih oslonaca. Ukazuje se na znaqaj koji imaju velike
baze podataka i na znaqaj verodostojnosti kao i potrebu zaxtite privatnosti i obezbe�ivaǌe
sigurnosti. Sa druge strane, pored ukazivaǌa na matematiqke osnove i maxinskog uqeǌa i
tehnika za blokqejn tenologiju, ilustrativno se ukazuje na primene tradicionalnih matem-
atiqkih metoda za ostvarivaǌe �eǉenih karakteristika.

Proofs-as-programs: from logic to AI

Silvia Ghilezan
University of Novi Sad, Mathematical Institute of the Serbian Academy of Sciences and Arts

e-mail: gsilvia@uns.ac.rs

Abstract. The proofs-as-programs correspondence is a foundational concept that connects logic and
computation. The origins of this idea can be traced back to the relationship between logic and lambda
calculus. Extensions to various logical and computational systems highlights its versatility and broad
applicability across different domains of mathematics and computer science. It is at the heart of formal
verification of mathematical proofs.

In this talk, we give an overview of this correspondence in different frameworks of computation and
communication in distributed systems. The focus is on recent results which lead to safe orchestrations of
federated (machine) learning algorithms.
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O znaqaju matematike u sistemu obraveznog obrazovaǌa

Aleksandar T. Lipkovski
Univerzitet u Beogradu - Matematiqki fakultet, Studentski trg 16, 11000 Beograd, Republika Srbija
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Apstrakt. U istoriji ǉudske civilizacije razvoj matematike poqiǌe od rexavaǌa praktiq-
nih �ivotnih zadataka: brojaǌe stada, trgovina, izgradǌa sklonixta, robna razmena. Me�utim,
od vremena Antiqke Grqke sve do danas, ve� preko 2500 godina, matematika zauzima posebno
mesto u razvoju ǉudske misli. Pored primeǌenih zadataka, ona neprekidno uqestvuje u razvoju
misaonih procesa ǉudskog pojedinca i celog qoveqanstva. U savremeno doba, nastava matem-
atike je nezaobilazni stub oslonac opxteg obaveznog obrazovaǌa koji slu�i pre svega za razvoj
logiqkog mixǉeǌa. Matematiku treba uqiti ve� i zbog toga xto ona sre�uje misli, ka�u da je
u nastavnom planu kadetske vojne xkole napisao ruski prirodǌak Mihail Lomonosov *.

Globalistiqke tendencije kontrole ponaxaǌa ǉudske populacije preko masmedija, koje
karakterixu postmoderno zapadno druxtvo i koje je u svom remek-delu ,,1984” predvideo en-
gleski pisac �. Orvel, te�e da ograniqe mo� logiqnog ǉudskog razmixǉaǌa i ponaxaǌa. Kao
prirodna posledica toga, sve je jaqa te�ǌa vladaju�e klase da smaǌi znaqaj i nivo znaǌa
matematike u xkoli, pod raznoraznim izgovorima: pragmatiqnim, inkluzivnim, egalitarnim.
Ova opasnost se ve� vixe od dvadeset godina intenzivno nadvija i nad srpskim obrazovaǌem.
A rezultat �e svuda biti, kako je primetio ruski matematiqar Vladimir Arnoǉd, takav da �e
brodovi tonuti i neboderi goreti**. Mostovi se ve� ruxe.

U ovom predavaǌu �e biti izlo�eno vixe primera znaǌa matematike u xkoli nekad i sad,
primeri pogrexnih metodiqkih pristupa u osnovnoj i sredǌoj xkoli i predlozi poboǉxaǌa,
uz mnogo citata umnih matematiqara. Evo jednog za kraj. Kako je jednom rekao Herman Vajl,
bavǉeǌe matematikom je kreativna i originalna qovekova aktivnost, poput jezika ili muzike,
koja prkosi punoj objektivnoj racionalizaciji*** . I zato AI nikada ne�e dokazati Rimanovu
hipotezu.

*,,Matematiku u�e zatem uqit~ nado, qto ona um v por�dok privodit.” Ova se izreka pripisuje
Lomonosovu, ali za to nema pisane potvrde.

**,,... qto ne tol~ko atomohody budut tonut~, no i vse ostal~noe, ne tol~ko baxn� budet
goret~, no i ostal~noe to�e” (V.I. Arnol~d: Putexestvie v haose, Nauka i �izn~ 12:2000,
https://www.nkj.ru/archive/articles/5174/)

*** ,,"Mathematizing" may well be a creative activity of man, like language or music, of primary originality,
whose historical decisions defy complete objective rationalization."(Hermann Weyl, Levels of Infinity: Selected Writ-
ings on Mathematics and Philosophy)
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Semi-Fredholm theory in unital C∗-algebras

Stefan Ivković
Mathematical Institute of the Serbian Academy of Sciences and Arts

p.p. 367, Kneza Mihaila 36, 11000 Beograd, Serbia
e-mail: stefan.iv10@outlook.com

Abstract. Axiomatic (semi-)Fredholm theory in unital C∗-algebras has been established by Kečkić
and Lazović in [ 8] and by Ivković in [ 5]. In this talk, we shall present a new approach to this theory
given in [ 6] and [ 7]. Next, we shall extend Fredholm theory in von Neumann algebras established by
Breuer in [ 1] and [ 2] to spectral Fredholm theory in von Neumann algebras. We shall consider upper
triangular operator matrices with coefficients in a von Neumann algebra and give the relationship between
the generalized essential spectra (in the sense of Breuer) of such matrices and of their diagonal entries,
thus generalizing in this setting the result by D- ord-ević in [ 3]. Finally, we shall introduce the concept of
generalized Browder operators in von Neumann algebras and provide a characterization of these operators
in terms of the property of being generalized Fredholm in the sense of Breuer and having 0 as an isolated
point of the spectrum. Also, we shall illustrate this result by concrete examples. This is a continuation of
the research in [ 4].

Keywords: Fredholm operator, Browder operator, von Neumann algebra, essential spectra
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Norm of the Hilbert matrix operator on positively indexed weighted Bergman
spaces
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Abstract. It is known [ 6] that the Hilbert matrix is bounded on weighted Bergman spaces Ap
α if and

only if 1 < α+ 2 < p with the conjectured norm π/ sin (α+2)π
p

. In the case of positively indexed weighted
Bergman spaces, when α > 0, the conjecture is confirmed [ 8] for α0 ⩽ p, where α0 is a unique zero of the
function Φα(x) = 2x2 − (4(α+ 2) + 1)x+ 2

√
α+ 2

√
x+ α+ 2 on the interval (α+ 2, 2(α+ 2)). We prove,

that if α > 0, then the conjecture is valid for all

3α

4
+ 2 +

√(3α
4

+ 2
)2

− α+ 2

2
⩽ p.

This considerably improves the best previously known result for all α > 1
2
.

Keywords: Hilbert matrix, operator norm, weighted Bergman spaces.
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Noncommutative Schwarz lemma and Pick–Julia theorems for generalized
derivations in Q, Q∗ and Schatten-von Neumann ideals of compact operators

Danko R. Jocić
University of Belgrade, Department of Mathematics, Studentski trg 16, P.O. box 550, 11000 Belgrade, Serbia

e-mail: danko.jocic@matf.bg.ac.rs

Abstract. If a derivation AX − XB is a trace class (C1(H)) operator for some bounded operator
X ∈ B(H) acting on a Hilbert space H, then for all holomorphic function f, which maps the open unit
disc D ⊂ C into itself, we have shown that f(A)X −Xf(B) ∈ C1(H) and∣∣∣∣√I −A∗A

(
f(A)X −Xf(B)

)√
I −BB∗

∣∣∣∣
1

⩽
∣∣∣∣√I − f(A)∗f(A) (AX −XB)

√
I − f(B)f(B)∗

∣∣∣∣
1
.

If C and D are strictly accretive operators on H and at least one of them is normal, such that CX−XD ∈
CΨ(H) for some X ∈ B(H) and Q∗ symmetrically norming function Ψ, then for all holomorphic functions
h, mapping the open right half (complex) plane into itself, we have h(C)X−Xh(D) ∈ CΨ(H), satisfying∣∣∣∣(C∗+ C)1/2

(
h(C)X−Xh(D)

)
(D +D∗)1/2

∣∣∣∣
Ψ

⩽
∣∣∣∣(h(C)∗+ h(C)

)1/2
(CX−XD)

(
h(D) + h(D)∗

)1/2∣∣∣∣
Ψ
.

If 1 ⩽ q, r, s ⩽ +∞ and p ⩾ 2, A,B,X ∈ B(H) and A,B are strict contractions satisfying the condition
AX−XB ∈ Cs(H), then for all holomorphic functions g, mapping the open unit disc into the open right
half (complex) plane, g(A)X−Xg(B) ∈ Cs(H), satisfying Schatten-von Neumann s-norms (∥·∥s) inequality∣∣∣∣∣∣∣∣(g(A)∗+ g(A)

) 1
2(I−A∗A)

1
2
∣∣1q −1

(I−A∗A)
1
2
(
g(A)X−Xg(B)

)
× (I−BB∗)

1
2
∣∣(g(B) + g(B)∗

) 1
2(I−BB∗)

1
2
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∣∣∣∣∣∣
Ψ

⩽
∣∣∣∣∣∣∣∣(g(A)∗+ g(A)

) 1
2(I−AA∗)

1
2
∣∣ 1
q (I −AA∗)−

1
2(AX−XB)

× (I −B∗B)−
1
2
∣∣(g(B) + g(B)∗

) 1
2(I −B∗B)

1
2
∣∣ 1
r

∣∣∣∣∣∣
s
.

Various other variants of some new Pick–Julia type norm and operator inequalities are also obtained, they
complement the well-known Pick–Julia theorems for operators, obtained by Ky Fan, Ando and others, and
they also extend these theorems to the field of norm ideals of compact operators, including Q, Q* and
Schatten–von Neumann ideals.

Keywords: Norm inequalities; Schatten–von Neumann ideals; Q and Q* norms
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Global regularity of Weyl pseudo-differential operators with radial symbols in each
phase-space variable
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Abstract. We analyse a class of pseudo-differential operators in the Gelfand-Shilov setting whose Weyl
symbols are radial in each phase-space variable separately. Namely, the symbols are of the form

aϑ(x, ξ) := a(2x21 + 2ξ21 , . . . , 2x
2
d + 2ξ2d),

where a is a measurable function on Rd
+ := {r ∈ Rd | rj > 0, j = 1, . . . , d} and has Gelfand-Shilov

Lp-growths. We prove that the action of these pseudo-differential operators on a Gelfand-Shilov ultradis-
tribution f can be given by a series of Hermite functions with coefficients that are explicitly computed
in terms of the Laguerre coefficients of a and the Hermite coefficients of f . As a consequence, we give a
characterisation of the functions a in terms of the growths of their Laguerre coefficients for which the Weyl
quantisation of aϑ are globally Gelfand-Shilov regular.

Keywords: Pseudo-differential operators with radial symbols, Gelfand-Shilov regularity, Hermite
expansions, Laguerre expansions.
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Shift-invariant subspaces of Sobolev spaces and wave fronts
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Abstract. We proceed with the study of shift-invariant spaces of Sobolev type [ 1, 2] analyzing prod-
ucts of their elements and connections with wave fronts [ 3]. The research was inspired by Hormander’s
description of wave fronts [ 4] and the paper [ 5]. Using the Fourier transform, we investigate the con-
nection between shift-invariant subspaces Vs of Sobolev spaces Hs(Rd), s ∈ R, and the space of periodic
distributions, and we analyze the product of elements of those spaces using the wave fronts of Sobolev
type. We also give conditions under which the product of two functions from two different shift-invariant
spaces belongs to some shift-invariant space. Also, using the wave front we describe the elements of the
space Vs and the elements of the space of periodic tempered distributions.

This research was supported by the Science Fund of the Republic of Serbia, #GRANT No 2727, Global
and local analysis of operators and distributions - GOALS.

Keywords: shift-invariant spaces; Sobolev spaces; multiplication of distributions; periodic distributions;
wave fronts.
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Fifty Years of the Ćirić Fixed Point Theorem on Quasi-Contractions
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Abstract. The notion of quasi-contractions was introduced by Lj. B. Ćirić [ 2]. The paper [ 2] has been
cited over 700 times up to now. The result on existence and uniqueness of fixed point for quasi-contractions
by Ćirić is one of the most general results in the metrical fixed point theory (see [ 1]).

In this talk (paper), we present a short survey of development of theory of quasi-contractive mappings,
their generalizations and applications. Further, using quasi-contractive inequality with the non-linear com-
parison function, we obtain a result on existence and uniqueness of the common fixed point for hybrid pair
of single-valued and multi-valued mapping defined on b-metric spaces. Our result generalizes earlier results
obtained in [ 3] and [ 4]. Also, we give the application of the obtained results to dynamic systems.

Let (Y, d, s) be a b-metric space and B(Y ) is a family of all nonempty bounded subsets of Y . We will
use the function δ : B(Y ) × B(Y ) → [0,+∞) defined by δ(A,B) = sup{d(a, b) : a ∈ A, b ∈ B}, for any
A,B ∈ B(Y ).

Theorem 1. Let (Y, d, s) be a b-metric space, F : X → B(Y ) and g : X → X be multi-valued and single-
valued functions respectively. Suppose that F (X) ⊆ g(X), g(X) is a complete subspace of Y and there
exists the function φ : [0,+∞) → [0,+∞) such that:

(a) φ(0) = 0, φ(r) < r for all r > 0,
(b) limx→+∞(x− φ(x)) = +∞, limt→rφ(t) < r for any r > 0,

(c) δ(Fnx, Fny) ≤ s · φmax{δ(gix, gly), δ(gix, F jx), δ(gky, F ly)},
for all i, j, k, l ∈ {0, . . . , n} and for all x, y ∈ X.
Then F and g have the unique coincidence point z ∈ Y such that z is the limit of every Jungck

sequence defined by F and g. Moreover, if X = Y and F and g are weakly compatible, then z is the unique
common strict fixed point of F and g.

Keywords: fixed point; quasi-contractions; b-metric space.
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Analysis of parabolic equations with singular potentials in Kondratiev spaces of
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Abstract. Stochastic parabolic equations with singular potentials arise in probabilistic modelling
of uncertainty in engineering and science, for example in structural mechanics, material science, fluid
dynamics, climate and turbulence modelling. In this talk we consider stochastic parabolic problems of the
form

∂tU − LU +Q · U = F, U |t=0 = G, (1)

where the potential Q, the driving force F and the initial data G are generalized stochastic processes of
Kondratiev type. The focus is mainly on all possible singular behaviors of potential Q, either in space and
time or in random component, but also in investigation possibilities to allow for irregular coefficients in
the operator L. The product · in above equation we interpret as the Wick product, which is introduced
to give sense to the multiplication of two generalized stochastic processes, see [ 1]. In the analysis of these
problems we combine the chaos expansion method from the white noise analysis and the concept of very
weak solutions. The notion of a stochastic very weak solution of (1) is introduced and existence of unique
very weak solution is proved. The questions on consistency of the stochastic very weak solutions with
classical solutions are discussed.

The talk is based on recent papers [ 1, 2] and ongoing research.

Keywords: parabolic equations; stochastic parabolic equations; singular potentials; chaos expansions;
very weak solutions.
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On some fixed and common fixed point results obtained for Menger PM-spaces
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Abstract. In this talk, we will present some fixed point results obtained for Menger PM-spaces by
employing some weaker forms of continuity and a new type of (ε − δ) condition. Additionally, we will
present the result that establishes that the completeness of the space is equivalent to the fixed point
property for a larger class of mappings. On the other hand, we will show that if a pair of self-mappings
that satisfy some weaker forms of commutativity defined on Menger PM spaces with a nonlinear contractive
condition possess a unique common fixed point, then these mappings are orbitally continuous. Also, we
will investigate whether the converse of these results holds.

Keywords: Menger PM-spaces; fixed point; common fixed point.
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Schrödinger-type equations with singular potentials
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Abstract. Motivated by theoretical considerations of the famous double-slit experiment, we investigate
notions of solutions to initial value problems for the Schrödinger equation containing irregular potentials
and coefficients. Following the results of [ 1], establishing well-posedness in Colombeau generalized function
spaces, we construct the very weak solution (established in [ 2]) for the problem, discuss questions of
uniqueness and its consistency with weak solutions for regular coefficients.

Finally, we compare different concepts of solutions both using fundamental idea of regularising irregular
coefficients and data and conclude that a combination of the methods has considerable advantages.

Results are obtained in collaboration with Christian Spreitzer from University of Vienna.
Keywords: generalized functions; regularization methods; Schrödinger equation
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Weak integration of operator valued functions
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Abstract. For weakly∗ integrable operator valued function A : Ω → B(H) we investigate whether
its integral belongs to the appropriate ideal of compact operators. Furthermore, for a mononormalizing
symmetric norming function Φ and CΦ(H)-valued weakly∗ measurable function A , if for every pair of
orthonormal systems (en)n∈N and (fn)n∈N it holds that∫

Ω

Φ((⟨Aten, fn⟩)n∈N)dµ(t) < +∞,

we show that A is Pettis CΦ(H)-integrable. Additionally, in the case where µ(Ω) < +∞, we provide
necessary and sufficient conditions for the C∞(H)-valued function A to be Pettis integrable.

Keywords: Integration in Banach spaces; Operator valued functions; Symmetrically norming functions;
Ideals of compact operators.
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Abstract. The iterative sequence {xn} with arbitrary x0 converges (under the assumptions in Banachś
Fixed Point Theorem [ 1]) to the unique fixed point x∗ of contraction T. Error estimates are the prior
estimate

d(xn, x
∗) ⩽

λn

1− λ
d(x0, x1),

and the posterior estimate

d(xn, x
∗) ⩽

λ

1− λ
d(xn−1, xn).

Since the introduction of quasi b-metric spaces by M. H. Shah, N. Hussain [ 4], many standard results have
been generalized and elaborated in some papers. Recently, Z. Mitrović, I. Arand-elović, V. Mišić, H. Aydi
and B. Samet [ 3] (see also [ 2]), proved that the sequence {xn} in quasi b-metric space with the contractive
condition

d(xn+1, xn) ⩽ λd(xn, xn−1),

for all n ∈ N, where λ ∈ [0, 1) is Cauchy sequence.
In this paper, using the same contractive condition as in [ 3], we give an estimate of the d(xn, x∗)

for a sequence {xn} in a quasi b-metric space. In addition, we give another proof for the convergence of a
sequence {xn}. Examples of estimation for Banach’s, Kannan’s, and Reich’s fixed point theorems are given.
Following the same idea, in the second part of talk (paper) we shall introduce notion of the rectangular
quasi b-metric spaces and present estimation in this class of spaces. At the end, we give some open problems
where research can be continued.

Keywords: Cauchy sequence; quasi b-metric spaces; rectangular quasi b-metric spaces.
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Some applications of factorable matrices
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Abstract. Matrix transformations between sequence spaces, whether classical or not, are the subject of
numerous publications. However, it seems that there is still a particular gap. Actually, the characterization
of the matrix class (ℓp, ℓq) for arbitrary p and q (1 < p, q <∞) is still unknown. Among the results related
to some special cases, the results of Grahame Benett [ 1, 2, 3] and Karl-Goswin Grosse-Erdmann [ 4] have
inspired us to think about the mentioned class of matrix transformations. Furthermore, the application of
existing results can go in two directions. Firstly, we can extend the research to new sequence spaces related
to ℓp (1 < p <∞) and characterize certain matrix class. Further, we can find some new results that treat
some known matrices as factorable.

Keywords: sequence spaces; matrix transformations; factorable matrices; matrix domains of triangle.
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A note on the Toeplitz operators on weighted mixed norm spaces
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Abstract. Toeplitz operators Tµ, where µ is a finite measure, on weighted mixed norm spaces Bp,q
α (Ω)

on a smoothly bounded domain Ω ⊂ Rn are studied. It is proved that Tµ is bounded if and only if the
Berezin transform of µ is bounded on Ω if and only if µ is a Carleson measure on Ω for the space Bp,q

α (Ω).
Analogously, Tµ is compact if and only if the Berezin transform of µ vanishes on ∂Ω if and only if µ is a
vanishing Carleson measure on Ω for the space Bp,q

α (Ω). The proofs rely on the following: boundedness of
Bergman projection, description of the dual space Bp,q

α (Ω)∗ = Bp′,q
1−α(Ω) and density of functions smooth

up to the boundary in Bp,q
α (Ω)

The results on Toeplitz operators and these related results are joint work with Ivana Savković (Faculty
of Mechanical Engineering, University of Banja Luka).
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Partial orders in Rickart rings defined by annihilators
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Abstract. A matrix A− is a generalized inverse (g-inverse) of a matrix A if AA−A = A holds. If A
and B are two matrices of the same order then we say that A is below B under the minus partial order,
A <− B, if AA− = BA− and A−A = A−B for some g-inverse A− of matrix A, [ 3]. If we use some specific
generalized inverses in this definition then we can define specific partial orders such as star, sharp, core and
other partial orders. Let H be an infinite-dimensional Hilbert space and B(H) the algebra of all bounded
linear operators on H. Although the minus and other orders can be extended to B(H) via g-inverses, this
is not the best approach because only the operators with closed range have a generalized inverse. The
minus partial order can be successful extended to B(H) using the projections, [ 6], [ 5]. In this talk we will
discuss a possible way of algebraization of this approach using the annihilators. Our extensions of minus,
star, sharp and core partial orders become partial order relations in the case of Rickart and Rickart star
rings, [ 1], [ 2], [ 4].

Keywords: generalized inverse; partial orders; Rickart ring.
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Some fixed point results for F-contractions
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Abstract. Based on the Banach contraction principle, many mathematicians began to formulate
various contractive conditions under which a fixed point exists. D. Wardowski [ 1] introduced F-contractions
in metric spaces and, therefore, proved a generalization of Banach contraction principle. In following ten
years, Wardowski’s approach, or some of its modifications, have been widely used by many researchers
for obtaining new fixed-point results for single- and multivalued mappings in various kinds of spaces, such
as b-metric spaces, fuzzy metric spaces, etc. In this talk, we present an overview of these investigations,
modified with some improvements, especially regarding the conditions imposed on the function F entering
the contractive condition.

Keywords: F-contraction; fixed point; Banach contraction principle.
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Abstract. In a ring R it is well known that if a,w ∈ R−1, then aw is also invertible and (aw)−1 =

w−1a−1. This property is called the reverse order law. As the reverse order law holds for the classical
inverse, the topic of necessary and sufficient conditions for generalized inverses became very often in the
past decades.

The similar property, (aw)−1 = a−1w−1, is known as the forward order law. Contrary to the reverse
order law, even if a and w are both invertible, the forward order law is not valid in general.

Here we present results for the reverse order law for the (b, c)-inverse in a unital ring. An equivalent
condition for this law to hold for the (b, c)-inverse is derived. Furthermore, the forward order law for the
(b, c)-inverse in a ring with a unity is introduced for different choices of b and c. Moreover, as corollaries of
obtained results, equivalent conditions for the reverse order law and the forward order law for the inverse
along an element are derived.

Keywords: (b, c)-inverse, Inverse along an element, Reverse order law, Forward order law.

References

[1] A. Ben-Israel and T.N.E. Greville. Generalized Inverses: Theory and Applications, 2nd ed. Springer,
New York., 2003.

[2] J. Benítez, E. Boasso and H. Jin. On one-sided (B,C)-inverses of arbitrary matrices. Electron. J.
Linear Algebra,32:391–422, 2017.

[3] J. Benítez and E. Boasso. The Inverse along an element in rings. Technical report, Electron. J. Linear
Algebra, 31:572–592, 2016.

[4] N. Castro-González and R. Hartwig. Perturbation results and the forward order law for the Moore-
Penrose inverse of a product. Electron. J. Linear Algebra, 34:514–525, 2018.

[5] J. Chen, Y. Ke, and D. Mosić. The reverse order law of the (b, c)-inverse in semigroups. Acta Math.
Hungar., 151:181–198, 2017.

[6] M.P. Drazin. A class of outer generalized inverses. Linear Algebra Appl., 436:1909–1923, 2012.
[7] Y. Ke, D.S. Cvetković–Ilić, J. Chen, and J. Višnjić. New results on (b, c)-inverses. Linear Multilinear

Algebra, 66(3): 447–458, 2018.
[8] Y. Ke, J. Višnjić, and J. Chen. One-sided (b, c)-inverses in rings. Filomat, 34(3):727–736, 2020.
[9] T. Li, D. Mosić, and J. Chen. The forward order laws for the core inverse. Aequat. Math., 95(3):415–

431, 2021.
[10] X. Mary. (b, c)-inverse, inverse along an element, and the Schützenberger category of a semigroup.

Categories and General Algebraic Structures with Applications, 15(1):255–272, 2021.
[11] I. Stanišev, J. Višnjić, and D.S. Djordjević. Equivalence relations based on (b, c)-inverses in rings.

Mediterr. J. Math., 21(1), 2024.
[12] J. Višnjić, I. Stanišev, and Y. Ke. Some properties of (b, c)-inverses in rings. Commun. Algebra,

51(6):2600–2613, 2023.
[13] J. Višnjić, I. Stanišev, and Y. Ke. Reverse order law and forward order law for the (b, c)-inverse.

Electron. J. Linear Algebra, 39(1):379–394, 2023.

40 www.smak15.matf.bg.ac.rs



XV Srpski matematiqki kongres, Beograd, Srbija

Derivative estimates for solutions of the (α, β)-Poisson equation
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Abstract. We obtain Schwarz-Pick type inequalities for solutions of the (α, β)-Poisson equation
Lα,βu = g, where the function g is given on the unit disc D and α and β are complex parameters satisfying
ℜα + ℜβ > −1. In paricular, for g = 0, we prove sharp estimate for the Du(0) for (α, β)-harmonic func-
tions u in terms of Lp norm of the boundary function and asymptotically sharp estimate of ∥Du(z)∥. The
obtained results provide a significant improvement over previous research on the subject. This is work in
progress.

Keywords: (α, β)-harmonic function; (α, β)-Poisson equation; Schwarz lemma; Weighted Green
function.
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Abstract. A detailed analysis of the stability of equilibriums of the two-dimensional autonomous com-
petitive Lotka-Volterra dynamical system is conducted. Necessary and sufficient conditions are determined
for equilibriums to be asymptotically stable or saddles. Necessary and sufficient conditions are determined
for the observed dynamical system to have no equilibriums. Moreover, bifurcation analysis of that dynam-
ical system is obtained. Concretely, we obtained that two transcritical bifurcations occur in the observed
dynamical system. One transcritical bifurcation occurs for d12 > 0, d112 > 0, d122 = 0, while the other
transcritical bifurcation arises for d12 > 0, d112 = 0, d122 < 0, where d12 is the main determinant of the
matrix of the observed system, while d112 and d122 are its minors. Furthermore, stability of equilibriums
of the three-dimensional autonomous competitive Lotka-Volterra dynamical system is inspected.

Keywords: Lotka-Volterra; dynamical systems; stability; equilibriums; bifurcations.
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On some recent results regarding Laplace transform
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Abstract. As a common-knowledge procedure, Laplace transform is used in applied mathematics,
physics, engineering and computation in general. By giving a comparative overview of Laplace transforms
in real space setting, Banach spaces, Banach algebras and Banach modules, we will emphasize the necessity
of its studying. This lecture will firstly analyze Laplace transform procedure proposed earlier by Gautchi
and Milovanovic. The technique mentioned will next be used to develop appropriate method both in Banach
spaces and unital commutative Banach algebras, as well as in Banach modules. Secondly, we will discuss
the existence of originals (the inverse Laplace transforms) of harmonic and hyper-harmonic sequences (in
accordance with regularity criteria for Sylvester modular equation) and use these results to determine the
sums of some slowly convergent Banach-algebra-valued series. These findings are obtained through joint
work with Bogdan Djordjevic, and in solo work done by lecturer. [ 1]

Keywords: Laplace transform, Banach algebras, Banach modules, Sylvester equation, Abstract series
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Abstract. Motivated by results on minus, sharp, core and dual core partial orders, we define a binary
relation in a ring, induced by (b, c)-inverses, in a quite similar way as mentioned partial orders. We prove
that this relation is an equivalence relation and we inestigate some of its properties.

Keywords: (b, c)-inverse; equivalnce relation; ring.
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Lipschitz continuity for functions satisfying α Laplacian-gradient inequality
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Abstract. We say that function f satisfies the α Laplacian-gradient inequality on the unit disc D =

{z ∈ C : |z| < 1} if there exist positive constants a, b such that

(1− |z|2)α|Lαf(z)| ⩽ a|∇f(z)|2 + b for every z ∈ D.

Here Lα = Dz((1−|z|2)−αDz). Let G be domains in C with C2 boundary. Based by One of results obtained
in [ 1] we will prove that, if a quasiconformal diffeomorphism f : D → G satisfies the α Laplace-gradient
inequality, then f is Lipschitz. The proof of this result is based on the Flattening the boundary method,
with some use of continuity properties of Riesz potentials. Method used for proving the main result of this
article is sometimes referred as Bootstrap argument.
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Lp norm of truncated Riesz transform and an improved dimension-free Lp

estimate for maximal Riesz transform
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Abstract. We prove that the Lp(Rd) norm of the maximal truncated Riesz transform in terms of the
Lp(Rd) norm of Riesz transform is dimension-free for any 2 ⩽ p < ∞, using integration by parts formula
for radial Fourier multipliers. Moreover, we show that

∥R∗
jf∥Lp ⩽

(
2 +

1√
2

) 2
p

∥Rjf∥Lp , for p ⩾ 2, d ⩾ 2.
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As by products of our calculations, we infer the Lp norm contractivity of the truncated Riesz transforms
Rt

j in terms of Rj , and their accurate Lp norms. More precisely, we prove:

∥Rt
jf∥Lp ⩽ ∥Rjf∥Lp

and
∥Rt

j∥Lp = ∥Rj∥Lp ,

for all 1 < p < +∞, j ∈ {1, . . . , d} and t > 0. Along with proved results, we will discuss possible extenstions
and generalizations.
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Abstract. The Fuglede-Putnam Theorem stands as a cornerstone in the spectral theory of bounded
linear operators. One of its most notable corollaries states that the product of two commuting normal
operators is also normal. The converse is not true in general, and thus, it is of interest to find certain
conditions under which the normality of the product of two commuting operators implies the normality of
each factor. Inspired by this problem, we investigate when subnormal operators T1 and T2 are quasinormal
provided their product is quasinormal. Also, we obtain as a corollary that subnormal n-th roots of a
quasinormal operator are quasinormal, and thus we answer the question asked by Curto et al. in [ 1]. Also,
we give sufficient conditions for quasinormal (subnormal) operators T1 and T2 to be normal if their product
is normal. Some results in multivariable theory of subnormal and quasinormal operators are also presented
(see [ 2], [ 3]).

Keywords: subnormal operators; quasinormal operators; spherically quasinormal pairs; Fuglede
Theorem.
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Translational regular variation and asymptotic equivalence
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Abstract. Consider the class of positive functions

F = {x = x(t), t > a, a > 0 : x(t) → ∞ as t→ ∞}.

We say that functions x, y ∈ F are multiplicatively strongly asymptotic equivalent if

ρ1 = lim
n→∞

x(t)

y(t)
= 1, (0.2)

and additively strongy asymptotic equivalent if

ρ2 = lim
t→∞

(x(t)− y(t)) = 0. (0.3)

A measurable function f : [a,∞) → (0,∞), a > 0, is translationally regularly varying in the sense of
Karamata (see, for instance, [ 1]) if for each λ ∈ R

lim
t→∞

x(λ+ t)

x(t)
<∞. (0.4)

The class of such functions is denoted by Tr(RVφ).
In this paper we prove that

x(t)ρ1y(t), t→ ∞, (0.5)

implies that
f(x(t))ρ2f(y(t)), t→ ∞, (0.6)

is implied by f ∈ Tr(RVφ).
In connection with (0.5) and (0.6) see, for example [ 2].

Keywords: translational regular variation; additively strongy asymptotic equivalence; multiplicatively
strongly asymptotic equivalence.
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Abstract. Let X = (X , d, µ) be a metric measure space, where d and µ are the distance and measure
on X , respectively. To characterize X , the following condition is imposed:

∀x ∈ X : µ [B(x, h)] ⩽ K hN with h→ 0, K > 0,

where B(x, h) symbolizes an open ball, and N > 0 is real. The following integral operator is considered
here as the Riesz potential type operator over an open bounded Ω ⊂ X:

I αf(x) :=

∫
Ω

f(σ) dµ(σ)

dN−α(x, σ)
, x ∈ Ω, 0 ⩽ Reα < 1.

This study is on the action of I α between the variable generalized Hölder spaces H ω(·), which were
introduced in [1]. These spaces are defined through the following condition:

ωΩ(f, x, t) ⩽ c ω(x, t), 0 < c <∞,

formulated in terms of the local modulus of continuity, that is

ωΩ(f, x, t) := sup
y∈Ω∩B[x,h]

|f(x)− f(y)| , x ∈ Ω, h > 0,

or the minimum majorant of ωΩ with the required properties. Specifically, we consider the conditions under
which I α is bounded from

H ω(·)(Ω, w) := {f : w f ∈ H ω(Ω), (w f)(a) = 0}

with the power weight
w(x) = d ν(x, a), a, x ∈ Ω, 0 < Re ν ⩽ 1,

to H ωα(·) characterized by ωα(x, h) = hReα ω(x, h).
This study continues the approach of [2], where the Zygmund type estimates were obtained, and,

based on these, theorems on the action of Iα(·) over a quasi-metric space were proved in the weightless and
special weight cases. The results are presented in terms of the Bary–Stechkin classes, as well as the Orlicz
indices.
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Grebnerove baze za module nad Priferovim domenima
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Apstrakt. S obzirom na to da je problem postojaǌa Grebnerove baze za ideal u prstenu
polinoma nad poǉem, kao i Neterinim domenom, rexen (vidi [ 1]), postavǉa se isto pitaǌe za
prsten polinoma nad neneterinim prstenom. Domen R je Priferov domen ako je lokalizacija
RP valuacioni domen za svaki prost ideal P . Predstavi�emo dokaz da postoji Grebnerova baza
za konaqno generisani ideal I u prstenu polinoma sa jednom promenǉivom R[X], pri qemu je
Krulova dimenzija prstena R jednaka 1. Ovde se oslaǌamo na va�an rezultat o Priferovim
domenima iz [ 2]. Daǉe, kao uopxteǌe pitaǌa ideala, bavimo se konaqno generisanim podmod-
ulima konaqno generisanih slobodnih modula nad R[X], pri qemu je fiksiran monomni poredak
”POT” (position over term). Predstavi�emo i dokaz da postoji Grebnerova baza i za ovakve pod-
module, u sluqaju iste pretpostavke o dimenziji Priferovog domena R. Tako�e, prikaza�emo i
rezultat da se u sluqaju valuacionog domena dobija i jaka Grebnerova baza za navedeni pod-
modul. Spomenuti rezultati mogu se na�i u [ 3].

Kǉuqne reqi: Grebnerove baze; Priferovi domeni; Valuacioni domeni.
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Apstrakt. Dekartov oval je geometrijsko mesto taqaka M u ravni za qija rastojaǌa od
dve fiksirane taqke - fokusa F1 i F2 va�i relacija m1|MF1| ± n1|MF2| = ±S1, za parametre
m1, n1, S1 > 0. U radu razmatramo sluqaj kada Dekartov oval postoji i nije degenerisan (sluqa-
jevi elipsa, hiperbola ili Paskalov pu�). Za takve Dekartove ovale poznato je da postoji i
tre�i fokus F3 kolinearan sa prva dva. Ova tri fokusa u parovima odre�uju Dekartov oval uz
odgovaraju�e parametre. Polaze�i od te qiǌenice formiran je sistem polinomskih jednaqina
iz koga je izvedena formula za koordinate tre�eg fokusa Dekartovog ovala. Uslovi saglasnosti
sistema su dati algebarskim vezama me�u parametrima i kada va�e te veze, na osnovu fokusa
F3 i jednog od fokusa F1 ili F2 odre�en je isti Dekartov oval. Formula i uslovi su dobijeni
primenom pseudorezultanti, a rezultati su potvr�eni primenom Grebnerovih baza. Tako�e su
razmatrane mogu�e primene u optici.

Kǉuqne reqi: Algebarska geometrija; Dekartov oval; Grebnerove baze
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Apstrakt. Riqard Stenli je 2022. uveo simetriqnu funkciju pridru�enu digrafu i naz-
vao je Redei-Ber� simetriqna funkcija, u qast dvojice quvenih matematiqara qije rezultate
o broju Hamiltonovih puteva u digrafu je uspeo da dobije na nov naqin, korix�eǌem tehnika
teorije simetriqnih funkcija, [ 1]. U [ 2] je uvedena kombinatorna Hopfova algebra digrafova,
i pokazano je da se Redei-Ber� funkcija mo�e videti kao slika ove algebre pri univerzal-
nom morfizmu u kombinatornu Hopfovu algebru kvazisimetriqnih funkcija. Definisan je i
Redei-Ber� polinom kao glavna specijalizacija ove funkcije. U ovom izlagaǌu predstavi�emo
niz osobina Redei-Ber� funkcije i polinoma koje su potpuno analogne svojstvima koje imaju
hromatska funkcija i hroma tski polinom grafa. Zbog te sliqnosti, Redei-Ber� funkcija bi
narednih godina mogla da postane predmet prouqavaǌa mnogih matematiqara koji se bave alge-
barskom kombinatorikom.

Kǉuqne reqi: digraf; Redei-Ber� simetriqna funkcija; hromatska funkcija grafa.
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Abstract. Since the pioneering works of Sanchez [ 2, 3], the systems of fuzzy relation equations have
steadily taken a fundamental role in fuzzy literature, not only because they possess numerous interesting
mathematical properties, but also because of their application potential. The most studied ones are the
linear systems, in which an unknown fuzzy relation is on the one side of the equal sign [ 1]. The situation is
quite different with the weakly linear systems. Although they can occur in many forms, roughly speaking
they consist of one or more unknown fuzzy relations on both sides of the equal sign. This talk aims to
cover the mathematical foundations of the described problem (cf. [ 4, 5, 6]), and deals with the solvability
issues of weakly linear systems over complete residuated lattices. We provide a characterization of the set
of all solutions to weakly linear systems to a desired degree. Ultimately, we demonstrate the application
aspects in aggregating fuzzy relation structures.

Keywords: Fuzzy relation equations; Fuzzy relation inequalities; Fuzzy preorders; Fuzzy equivalences;
Fuzzy relation systems.

Acknowledgement. The authors acknowledge the support of the Science Fund of the Republic of Serbia,
Grant No. 7750185, Quantitative Automata Models: Fundamental Problems and Applications – QUAM.

References

[1] R. Bělohlávek, V. Vychodil. Fuzzy Equational Logic. Studies in Fuzziness and Soft Computing.
Springer, Berlin-Heidelberg, 2005.

[2] E. Sanchez. Equations de relations floues. PhD thesis, Faculté de Médecine de Marseille, 1974.
[3] E. Sanchez. Resolution of composite fuzzy relation equations. Information and Control, 1976, 30(1),

38-48.
[4] S. Stanimirović, I. Micić. On the solvability of weakly linear systems of fuzzy relation equations.

Information Sciences, 2022, 607, 670-687.
[5] I. Stanković, M. Ćirić, J. Ignjatović. Fuzzy relation equations and inequalities with two unknowns

and their applications. Fuzzy Sets and Systems, 2017, 322, 86-105.
[6] I. Stanković, Z. Jančić, M. Ćirić, I. Micić, S. Stanimirović. Two-mode weakly linear systems of fuzzy

relation equations: Structures of solutions, computation methods, and applications. Information Sci-
ences, submitted for publication.

52 www.smak15.matf.bg.ac.rs



XV Srpski matematiqki kongres, Beograd, Srbija

Isogeny graphs, modular forms and signatures

Guido Maria Lido
Università di Roma Tor Vergata, Via della Ricerca Scientifica 1, Roma

e-mail: lido@mat.uniroma2.it

Giulio Codogni
Università di Roma Tor Vergata, Via della Ricerca Scientifica 1, Roma

e-mail: codogni@mat.uniroma2.it

Abstract. Given p, ℓ different primes, the isogeny graphs G(p, ℓ) is defined as follows: the vertices are
supersingular elliptic curves E/Fp2 , the edges are ℓ-isogenies. Such graphs give an easy visualization of
many protocols in isogeny-based cryptography, e.g. the hash function [ 1] and the signature scheme [ 4].

It is immediate to see that from each vertex there are exactly ℓ+1 outgoing edges (the graph is regular).
It is less obvious that, as proven by Eichler in [ 5], isogeny graphs are connected and have the Ramanujan
property : the non-trivial eigenvalues fall in the Hasse interval.

We look at a generalization of these graphs, adding level structure to the elliptic curves: new interesting
phenomena arise, since the graph can be k-multipartite, but up to this, we prove the Ramanujan property
using modular curves.

The initial motivation for these generalitations was to prove security of a zero knowledge proof of
knowledge in [ 2]: the Ramanujan property implies that random walks mix fastly, i.e. that even for not-
too-long walks, the last visited vertex is close to uniformly distributed. In [ 3] we explored the problem in
vast generality.

Keywords: Isogeny; Cryptography; Modular curves.
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Idempotent-aided factorizations of matrices over a field
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Abstract. We define an idempotent-aided factorization of a matrix D, with the help of an idempo-
tent matrix E of the same rank as D, as the representation of D in the form D = UV , where the matrix
U has the same rank as D and the same null space as E, while the matrix V has the same null space
as D and the same range as E. Such factorizations can be viewed as a natural generalization of full rank
factorizations.

Here we provide three efficient algorithms for determining idempotent-aided factorizations of matrices
over a field, as well as the fourth one that determines the so-called canonical idempotent-aided factor-
ization. We also apply those algorithms in the construction of algorithms for testing the existence and
computing group inverses and (B,C)-inverses of matrices over a field.

We also show that the concept of idempotent-aided factorization can be defined in an even more
general context – in an arbitrary semigroup. We prove that every regular element of a semigroup has an
idempotent-aided factorization with respect to an arbitrary idempotent from the Green’s D-class of that
element.

Acknowledgement. The authors acknowledge the support of the Science Fund of the Republic of Serbia,
Grant No. 7750185, Quantitative Automata Models: Fundamental Problems and Applications – QUAM

Keywords: Matrix factorization; Idempotent-aided factorization; Full rank factorization; Group
inverse; (B,C)-inverse.
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Simplicial complexes associated to character degrees of solvable groups
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Abstract. Graphs associated to the set of irreducible character degrees of a finite group G have
been extensively studied as a way of understanding structure of the underlying group. Another approach,
proposed by Isaacs, is to study associated simplicial complexes, namely the common divisor simplicial
complex G(G) and the prime divisor simplicial complex D(G). These complexes can be associated to any
set of positive integers and this paper shows they are homotopy equivalent. Further, considering these
complexes associated to the set of irreducible character degrees, we give a bound on the rank of the
fundamental group.
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Invertibility of some special matrices involving certain numbers

Zoran Pucanović
Faculty of Civil Engineering, University of Belgrade

e-mail: pucanovic@grf.bg.ac.rs

Marko Pešović
Faculty of Civil Engineering, University of Belgrade

e-mail: mpesovic@grf.bg.ac.rs

Abstract. A family of structured matrices, such as Toeplitz, Hankel, Vandermonde, circulant, Hessen-
berg, Cauchy, and other well-known families of special matrices, offering extensive utility in digital signal
processing, image manipulation, coding theory, statistics, quantum mechanics, and more. A particularly
intriguing scenario arises when their elements are derived from k−Horadam numbers or Chebyshev poly-
nomials, encompassing Fibonacci, Lucas, and Pell numbers. Additionally, the case where matrix entries
are composed of generalized Narayana numbers is also of interest. We will present the conditions under
which circulant and skew circulant matrices involving generalized Narayana numbers are invertible. These
findings not only have practical applications across various fields but also contribute to advancing our
comprehension of structured matrices and their inherent characteristics.

Keywords: circulant matirces; skew circulant matrices; invertibility; generalized Narayana numbers.

References

[1] A. Carmona, A. M. Encinas, S. Gago, M. J. Jiménez, M. Mitjana. The inverses of some circulant
matrices. Applied Mathematics and Computation, 2015, 270, 785 - 793.

[2] J. O. Choi, Y. Hur. Invertibility of circulant matrices of arbitrary size. Linear and Multilinear Algebra,
2022, 70(21), 7057 - 7074.

[3] M. Pešović, Z. Pucanović. A note on r−circulant matrices involving generalized Narayana numbers.
Journal of Mathematical Inequalities, 2023, 17 (4), 1293 - 1310.

[4] Z. Pucanović, M. Pešović. Chebyshev polynomials and r−circulant matrices. Applied Mathematics
and Computation, 2023, 437, 127521.

[5] Y. Yazlik, N. Taskara. Spectral norm, eigenvalues and determinant of circulant matrix involving the
generalized k−Horadam numbers. Ars Combinatoria, 2012, 104, 505 - 512.

56 www.smak15.matf.bg.ac.rs



XV Srpski matematiqki kongres, Beograd, Srbija

On the stacky Manin conjecture
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Abstract. A height function measures “size” of a rational point on an algebraic variety. The Manin
conjecture predicts the number of rational points of bounded height on varieties satisfying the property that
the inverse of their canonical line bundle is big. Remarkably, certain other counting results and predictions
from different subfields of number theory, such as the Malle conjecture on the number of Galois extensions
of bounded discriminant, provide very reminiscent asymptotic formulas. Recently, together with Yasuda,
we have developed a version of the Manin conjecture for stacks [ 1] which explains the phenomenon. We
will discuss the conjecture and some progress on it. The content of the talk is based on a joint work with
Takehiko Yasuda.

Keywords: Manin conjecture; Deligne–Mumford stacks; heights.
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An alternative to Mahler Measure of polynomials
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Abstract. We introduce the ratio of the number of roots of a polynomial Pd, greater than one in mod-
ulus, to its degree d as an alternative to Mahler measure. We investigate some properties of the limit ratio.
We generalise this definition for a two variable polynomial P (x, y) using the Cauchy’s argument principle.
We present an algorithm for calculating the limit ratio and a numerical method for its approximation. We
estimated the limit ratio for some families of polynomials. Some examples of polynomials in two variables
suggest a theorem for the limit ratio which is analogous to the Boyd-Lawton limit formula for Mahler
measure.

Keywords: Mahler measure; argument principle; limit ratio.
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On transmission irregular graphs — starlike and
double starlike trees and long pendent paths
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Abstract. The transmission of a vertex in a connected graph is the sum of its distances to all the other
vertices. A graph is transmission irregular (TI) when all of its vertices have mutually distinct transmissions.
In an earlier paper, Al-Yakoob and Stevanović [ 1] gave the full characterization of TI starlike trees with
three branches. Here, we improve these results by using a different approach to provide the complete
characterization of all TI starlike trees and all TI double starlike trees. We subsequently implement the
aforementioned conditions in order to find several infinite families of TI starlike trees and TI double starlike
trees. Besides that, we disclose five families of unicyclic graphs with two pendent paths whose members are
TI under certain conditions. As a direct consequence, we demonstrate the existence of TI chemical graphs
of almost all even orders, thereby resolving a problem recently posed by Xu, Tian and Klavžar [ 2].

Keywords: graph distance; transmission irregular graph; starlike tree; double starlike tree; pendent
path.
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On the extremal Harary index of graphs with given parameters
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Abstract. Let G = (V (G), E(G)) be a graph with vertex set V (G) and edge set E(G). The distance
d(u, v) between any two distinct vertices u, v ∈ V (G) is the number of edges in a shortest path joining
u and v. The diameter of a graph G is the maximum distance between any two vertices in G. A subset
S ⊂ V (G) of mutually non-adjacent vertices in a graph G is said to be an independent set in G. The
independence number is the maximum cardinality of an independent set in G.

The Harary index of a graph G, denoted by H(G), was introduced in 1993, and is defined as

H(G) =
∑

u,v∈V (G)

1

dG(u, v)
, (0.7)

with the summation going over all pairs of vertices of G. This index was named in honor of Professor Frank
Harary on the occasion of his 70th birthday. Recently, there has been a great interest in studying extremal
graphs that minimize (or maximize) Harary index in different classes of graph. The graphs with diameter
or independence number equal to n − c, for 1 ⩽ c ⩽ 4, which attain the minimum value with respect to
the Harary index are being considered and the extremal graphs are characterized, as well.

Keywords: Harary index; diameter; independence number.
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Matrices in Gauss-type quadratures for variable-sign weight functions
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Abstract. We consider a recently proposed Gauss-type quadrature formula with respect to a weight
function that changes sign in the interior of the integration interval. An important step in its construction
is to introduce a modifier function used to transform the given integral into a sum of one integral that does
not cause a quadrature error and the other integral with a property that the points from the interior of the
integration interval at which the weight function changes sign are the zeros of its integrand. Determining a
modifier function requires solving an associated system of linear equations. For the same integral, different
modifier functions can be chosen, and hence different linear systems can be obtained. From a theoretical
perspective, only necessary is that the associated system has a solution, but from a computational per-
spective, it is also important that the associated system is not too ill-conditioned and that the structure of
its matrix is as simple as possible. We analyze the conditions under which it is guaranteed to obtain, for
instance, a system with a Vandermonde matrix or a system with an identity matrix. We also give examples
where systems with an arbitrary matrix are obtained.

Keywords: Gauss quadrature formula; variable-sign weight function; linear system.
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Abstract. In this paper we discuss the hybrid type of accelerated gradient method for solving un-
constrained optimization problems. There are many methods in the contemporary literature developed for
solving this problem. Herein, a special attention will be paid to the methods that were created as a mod-
ification of quasi-Newton’s method using their hybrid versions. We specially study convergence features
of the Hybrid Modified Accelerated Gradient Method, which presents a hybrid variant of the Modified
Accelerated Gradient Method. This method was tested for three main properties: the number of iterations,
the CPU time and the number of function evaluations. Numerical outcomes confirmed better performance
profiles in favor to the derived hybrid model when compared to its forerunner.

This work was funded by the project of Faculty of Sciences and Mathematics, University of Priština
in Kosovska Mitrovica (internal-junior project IJ-2303)

Keywords: Line search; gradient descent methods; quasi Newton method; convergence rate; hybrid
model.

References

[1] P. S. Stanimirovic, M. B. Miladinović. Accelerated gradient descent methods with line search. Nu-
merical Algorithms, 2010, 54, 503 - 520.

[2] N. Andrei. An acceleration of gradient descent algorithm with backtracking for unconstrained opti-
mization. Numerical Algorithms, 2006, 42, 63 - 73.

[3] M. J. Petrović, D. Valjarević, D. Ilić, A. Valjarević, J. Mladenović. An improved modification of
accelerated double direction and double step-size optimization schemes. Mathematics, 2022, 10, 259.

[4] S. H. Khan. A Picard-Mann hybrid iterative process. Fixed Point Theory and Applications, 2013,
2013, 69.

[5] Z. J. Shi. Convergence of line search methods for unconstrained optimization. Applied Mathematics
and Computation, 2004, 157, 393 - 405.

64 www.smak15.matf.bg.ac.rs



XV Srpski matematiqki kongres, Beograd, Srbija
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Abstract. It is well known that the anti-Gaussian quadrature rule, introduced by Laurie in 1996 ([
1]), gives the error equal in magnitude but of opposite sign to the error of the corresponding Gaussian
quadrature rule. Here, we define a set of anti-Gaussian quadrature rules for the optimal set of quadra-
ture rules in Borges’ sense in the linear space of trigonometric polynomials ([ 2], [ 3]). We consider the
orthogonality with respect to the set of r different weight functions, with special attention to even weight
functions. Also, we investigate the corresponding class of trigonometric multiple orthogonal polynomials
and prove some of their important properties.
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A machine learning method with extra-gradient step
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Abstract. This paper deals with the minimization of unconstrained objective functions in the form
of finite sums. We present an extra-gradient method with line search strategy and algorithm that uses
variable sample size and thus makes the process significantly cheaper. The method is non-monotone, and
the adaptive step size αk obtained in the linear search, is a random variable dependent on the sample
ξk. The inevitable consequence is that the errors do not induce martingales. The algorithm is tested on a
couple of examples, including the machine learning problems. [ 1, 2]

Keywords: finite sum minimization; machine learning; line search extragradient.
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Reinforcement learning for graphs and beyond
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Abstract. Adam Zsolt Wagner [ 1] showed how a particular reinforcement learning technique, the
so-called cross entropy method, can be used to construct (counter)examples in graph theory. We have
recently provided an improved implementation of this method [ 2] and in this lecture we will showcase how
it can be used to construct counterexamples for a set of older conjectures on the Laplacian spectral radius
of graphs [ 2], edge-colorings of complete graphs that lead to new lower bounds on Ramsey numbers [ 3],
and, with a minor adaptation, also the shape of optimal window overhangs for residential homes [ 4].

Keywords: Reinforcement learning; Cross-entropy method; Graph theory; Building energy optimization.
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Abstract. We present several iterative methods for computing matrix inverse of the matrix A as well
as several generalized matrix inverses. Two classes of methods are considered:

1. methods of the form Xk+1 = Xkp(AXk) where p(x) is the polynomial with constant coeffcients;
2. methods of the form Xk+1 = Xk

(
a
(k)
0 I + a

(k)
1 AXk

)
where a(k)0 and a(k)1 are coefficients computed

in each iteration.
Convergence properties are studied, as well as the orders of convergence and computation efficiencies

of these methods. They are verified on the several numerical examples.
Keywords: iterative method; generalized inverse; convergence
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Abstract. The theory of soft sets was introduced as a mathematical tool for solving problems contain-
ing uncertainty and imprecision, as well as for the simpler representation of data with certain characteristics.
Over the past twenty years, the theory of soft sets has evolved in various directions. New operations have
been defined, different algorithms have been developed, all with the aim of applying the theory of soft
sets in various fields. The concept of a fuzzy soft set has been studied by many, and there are numerous
applications because algorithmic methods can be formulated in the theory of fuzzy soft sets, providing
very useful conclusions when making decisions. Based on a given fuzzy soft set, certain numerical values
can be defined as values that characterize the fuzzy soft set, and based on these values, we can formulate
a decision-making algorithm.

Keywords: Soft set; Fuzzy soft set; Energy; Decision making.
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Some extremal value problems of vertex-degree-based invariants on trees and
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Abstract. A collection of innovative vertex-degree-based invariants, including Sombor-Index-Like
Graph Invariants denoted as SOi for 1 ⩽ i ⩽ 6, and generalized reduced Zagreb indices represented
as GRMλ for certain λ ∈ R, was recently introduced. These invariants were developed through geomet-
ric reasoning within a novel graph invariant framework. Motivated by unresolved questions and ongoing
findings highlighted in [ 1] and [ 2], we determined the maximum values of SO5 and SO6, as well as the
minimum value of GRMλ for λ ⩽ −2, in specific classes of trees with predefined order and maximal degree
(such as molecular trees with maximal degrees of 3 and 4). Furthermore, we identified the maximum value
of SO5 among the graphs resulting from applying the join operation to specific graphs of a given order.

Keywords: Vertex-degree-based invariants; Trees; Extremal values.
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Metric dimension of hypercube and coin weighing problem
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Abstract. In this paper we consider the connection between metric dimension problem and minimal
doubly resolving set problem of hypercube graph with coin weighing problem. Metric dimension of hyper-
cube βn is the minimum cardinality of a resolving set [ 3, 8], and ψn is the minimum cardinality of a
doubly resolving set of hypercube graph Qn [ 1]. Coin weighing problem posed by Söderberg and Shapiro
can be defined as follows: for n coins, each with one of two distinct weights, determine the weight of each
coin with the minimum number of weighings (fn) [ 9]. It is known that fn differs from βn by at most one [
5, 7]. We have shown that it holds more precisely: fn ⩽ βn ⩽ fn−1 +1. Also, we have shown that equality
ψn = fn + 1 holds and, as a consequence, βm+n ⩽ βm + βn. The last inequality shows that well-known
hypothesis β(G□H) ⩽ β(G) + β(H) is true in the case of hypercube graph.

Keywords: graph theory, metric dimension; doubly resolving set; coin weighing; hypercube graph.
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Abstract. Layers with material properties which significantly differ from those of the surrounding
medium appear in a variety of applications. The layer may have a structural, thermal, electromagnetic
or optical role, etc. The processes in domains with layers can be modelled by boundary value problems
whose solutions are defined in two or more domains. In some cases these domains are disconnected. The
effect of the intermediate region can be taken into account by means of nonlocal conjugation conditions.
In this paper we investigate an initial boundary value problem for a one-dimensional hyperbolic equation
in two disconnected intervals. In each interval an initial-boundary problem of hyperbolic type with Robin
boundary condition is given, while the interaction between their solutions is described by means of nonlocal
conjugation conditions. For the model problem the existence and uniqueness of its weak solution in ap-
propriate Sobolev-like space is proved. A finite difference scheme approximating this problem is proposed
and analyzed. An estimate of the convergence rate has been obtained. The problem of eigenvalues has also
been considered. Theoretical results have been covered by numerical experiments.

Keywords: weak solution, Sobolev spaces, conjugation condition, finite-difference scheme, eigenvalue.
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Numerical approximation of one dimensional fractional transmission problem
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Abstract. Fractional partial differential equations (FPDEs) have attracted significant attention in
recent years, owing to their diverse applications across numerous scientific and engineering domains. Of-
ten, fractional-order models prove to be more suitable than their integer-order counterparts, as fractional
derivatives and integrals facilitate the description of memory properties inherent in various materials and
processes. In this context, investigation has been undertaken on a fractional-in-time transmission problem
spanning two disjoint intervals. An a priori estimate has been established for its weak solution within a
suitable Sobolev-like function space. The study delves into the well-posedness of an interface problem as-
sociated with this equation, demonstrating its stability within corresponding Sobolev-like function spaces.
Furthermore, a finite difference scheme has been developed to approximate this problem, accompanied by
a thorough analysis of its properties. An estimation of the convergence rate has been derived, aligning with
the smoothness characteristics of the input data. A proposed difference scheme has been put forth and
validated through several numerical examples.

Keywords: fractional derivative; transmission; sub-diffusion; finite differences; convergence rate.
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Lyapunov-type extremal problem with phase constraints
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Abstract. We consider a nonsmooth case of Lyapunov-type, i.e. isoperimetric convex continuous-time
optimization problem with inequality integral constraints and phase constraints, defined in L∞([0, T ];Rn).
Subdifferential approximation of the considered problem proved to be a practical way to bypass the lack of
differentiability. By using new alternative theorem for convex inequalities in functional spaces, necessary
optimality conditions are obtained.

Keywords: Optimal control; Continuous-time optimization problems; Convexity; Optimality conditions;
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Apstrakt. Pakovaǌe kutija (engl. bin packing) poznati je NP te�ak problem koji se sastoji
u pakovaǌu zadatog skupa paketa u raspolo�ivi skup kutija. U literaturi je najvixe zastupǉen
problem koji ukǉuquje jednu dimenziju kutija i paketa, a kod vixe dimenzija postoje geometri-
jsko i vektorsko pakovaǌe. Ovde je razmatran vektorski problem pakovaǌa za 2 i 3 dimenzije.
Primeǌena je Redukovana metoda promenǉivih okolina (Reduced Variable Neighborhood Search -
RVNS) koja je testirana na skupovima instanci iz literature. Izvrxena su pore�eǌa dobijenih
rexeǌa, u smislu kvaliteta i vremena izvrxavaǌa sa rezultatima do sada predlo�enih metoda.
Za pored-eǌe je korix�en i egzaktni rexavaq uz dodatno poboǉxaǌe u vidu boǉe procene gorǌe
granice potrebnih kutija za zadatu instancu. Rezultati pore�eǌa pokazuju da je predlo�ena
metoda uporediva sa postoje�im pristupima, a na ve�em broju instanci u proseku daje boǉe
rezultate. To je ohrabruju�i zakǉuqak iz koga sledi nekoliko mogu�ih pravaca za unapre�eǌe
ove metode. Razmatraju se i mogu�e primene vektorskog pakovaǌa na realne probleme iz prakse.

Kǉuqne reqi: vektorsko pakovaǌe kutija; metoda promenǉivih okolina; optimizacija.
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Apstrakt. Pravilno bojeǌe grafa je svako dodeǉivaǌe boja qvorovima grafa, takvo da
dva susedna qvora obavezno imaju razliqitu boju. Hromatski polinom, prvi put uveden 1912.
godine u Birhofovom radu, broji naqine na koje je mogu�e pravilno obojiti graf pomo�u un-
apred zadate palete boja. Beskonaqni analogon hromatskog polinoma je takozvana hromatska
funkcija, uvedena od strane Stenlija 1995. godine, koja u sebi sadr�i informacije o svim
pravilnim bojeǌima nekog grafa. To je jedna simetriqna funkcija, te je prirodno zapitati se
xta mo�emo zakǉuqiti o koeficijentima u ǌenom razvoju u razliqitim prirodnim bazama vek-
torskog prostora simetriqnih funkcija. Sam Stenli je postavio hipotezu o pozitivnosti ovih
koeficijenata u elementarnoj bazi (kra�e, e−pozitivnost) za odre�enu klasu grafova, i ovo je
jedno od centralnih pitaǌa u algebarskoj kombinatorici u posledǌih 30 godina.

U ovom izlagaǌu, uvodimo dve nove klase grafova - klasu sunaca i klasu buqica. Pokazu-
jemo kako se problem ispitivaǌa e−pozitivnosti mnogih grafova mo�e svesti na problem ispi-
tivaǌa e−pozitivnosti sunaca, te dajemo nekoliko kriterijuma za proveru ove pozitivnosti.
Naposletku, pronalazimo naqin da se koeficijenti hromatske funkcije buqica u elementarnoj
bazi izraqunaju eksplicitno.

Kǉuqne reqi: hromatska simetriqna funkcija grafa; e−pozitivnost; sunca; buqice.
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Apstrakt. U ovom radu su razmatrane razliqite varijante problema p-hab maksimalnog
pokrivaǌa neograniqenih kapaciteta (p − HMCP ). Ciǉ problema je odre�ivaǌe optimal-
nih lokacija za uspostavǉaǌe unapred zadatog broja habova, tako da ukupni protok me�u
svim pokrivenim parovima snabdevaq-korisnik bude maksimalan, uz pretpostavku binarnog
ili parcijalnog pokrivaǌa. U sluqaju binarnog pokrivaǌa, par snabdevaq-korisnik se smatra
pokrivenim, ukoliko cena transporta (vreme ili rastojaǌe) od snabdevaqa do korisnika nije
ve�a od unapred zadate maksimalne cene transporta (vremena ili rastojaǌa). Parcijalno pokri-
vaǌe ukǉuquje stepen pokrivenosti izme�u parova snabdevaq-korisnik koji se realizuje preko
funkcije qija vrednost opada sa porastom rastojaǌa. U radu su razmatrane varijante problema
p − HMCP sa razliqitim alokacijskim xemama: jednostrukom, vixestrukom i r-alokacijskom
xemom (1 ⩽ r ⩽ p). Izlo�ene su opxte matematiqke formulacije problema p − HMCP , ranije
predlo�ene u radovima [1] i [2], a qija se prednost ogleda u qiǌenici da se lako transformixu u
formulcije problema sa razliqitim alokacijskim xemama. U radu su upored-ene varijante prob-
lema p−HMCP kroz analizu rexeǌa dobijenih za razliqite alokacijske xeme i oba koncepta
pokrivaǌa. Za testiraǌe modela i analizu rexeǌa razmatranih varijanti problema p−HMCP ,
korix�ene su standardne CAB i AP instance iz literature malih i sredǌih dimenzija.

Kǉuqne reqi: problem p-hab maksimalnog pokrivaǌa; binarno i parcijalno pokrivaǌe;
jednostruka, vixestruka i r-alokacija.
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Apstrakt. Matematiqari Arkadij Nemirovski, (Institut za Tehnologiju, Atlanta, SAD)
i Jurij Nesterov (profesor emeritus, Katoliqki univerzitet, Novi Luven, Belgija) su dobit-
nici ove nagrade za 2023.godinu. Nagrade su im uruqene 6. novembra 2023.godine u Xangaju.
Nagra�eni su za seriju pionirskih radova iz oblasti konveksne optimizacije, ukǉuquju�i teo-
riu samo-saglasnih funkcija i metode unutraxǌih taqaka, ubrzani gradijentni metod. ǋihovi
rezultati se xiroko koriste u maxinskom uqeǌu. Pokrenuli su revoluciju u razvoju algori-
tama optimizacije. Teorija slo�enosti metoda optimizacije i ubrzani algoritmi, koje su oni
razvili produbǉuju razumijevaǌe metoda optimizacije i mogu�nosti konstrukcije ,,optimalnih
metoda optimizacije”.

U ovom saopxteǌu mi �emo kratko prezentirati rezultate Nemirovskog i Nesterova u kon-
veksnoj optimizaciji. Detaǉnije �emo se baviti brzim gradijentnim metodom i semidefinitnom
relaksacijom kombinatornih problema.

Kǉuqne reqi: nagrada svjetske asocijacije laureata; optimizacija.
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Apstrakt. U nedavno publikovanom radu [1] razmatrane su realne familije funkcija φp(x)

za argument x ∈ (a, b) i realan parametar p u sluqaju kada su monotone po parametru. Takve
familije imaju zanimǉive geometrijske primene u Teoriji analitiqkih nejednakosti [2], [3] i
u radu [1] su nazvane raslojene familije funkcija. U takvim familijama je mogu�e, pod odgov-
raju�im uslovima, izdvojiti funkciju - qlan familije koji ima neke minimaks osobine koje
su od znaqaja za Teoriju aproksimacija. Tako�e daju se dokazi nekih poznatih i nekih novih
rezultata u Teoriji analitiqkih nejednakosti, a u sluqajevima kada je to mogu�e odre�eni su i
minimaks aproksimanti za odgovaraju�e familije koje su povezane sa razmatranim nejednakos-
tima.

Kǉuqne reqi: Raslojene familije funkcija, minimaks aproksimant.
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Hipoteza Nikiforova i sluqajni grafovi
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Singularne vrednosti grafa; sluqajni graf; hipoteza Nikiforova;

Apstrakt. U ovom radu govori se o neorijentisanim grafovima bez petǉi i ǌihovom spek-
tru. Xatenove p-norme predstavǉaju zbir p-tih stepena singularnih vrednosti grafa stepeno-
van sa 1

p
, specijalan sluqaj Xatenove norme za p = 1 je bax energija grafa. Vladimir Nikiforov

je postavio hipotezu da od svih neorijentisanih grafova bez petǉi sa n qvorova najve�u vred-
nost Xatenove norme za p > 2 ima komletan graf. Poxto je spektar kompletnog grafa poznat
dokazivaǌe ove hipoteze postaje dokazivaǌe odre�ene nejednakosti. Ova hipoteza je dokazana da
va�i za tri specijalne klase grafova, to su: stabla, jako regularni grafovi sa parametrima(
n,
n+

√
n

2
,
n+ 2

√
n

4
,
n+ 2

√
n

4

)
kod kojih se posti�e maksimalna energija i grafovi kod kojih

je p paran broj. Tako�e navode se i neka uopxteǌa vezana za sluqajne grafove. Na�ena je gorǌa
ocena za geometrijsku sredinu singularnih vrednosti sluqajnog grafa i izraqunata je sredǌa
vrednost p-tih stepena singularnih vrednosti sluqajnog grafa.
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Konstrukcija auto-dualnih kompleksa, auto-dualne triangulacije
mnogostrukosti

Marinko Timotijevi�
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Rade �ivaǉevi�

Matematiqki institut SANU
e-mail: rade@turing.mi.sanu.ac.rs

Apstrakt. Aleksanderov dual simplicijalnog kompleksa K ⊆ 2[n] je simplicijalni kom-
pleks K̂ [n] = {[n] \ A | A ̸∈ K}. Kompleks K je auto-dualan ako je K = K̂ [n] a pod-dualan ako je
K ⊆ K̂ [n]. Auto-dualni simplicijalni kompleksi sa n temena predstavǉaju kanonske primere
simplicijalnih kompleksa koji nemaju geometrijsku realizaciju u prostoru Rn−3, javǉaju se
kao minimalne triangulacije mnogih topoloxkih prostora i vrlo su znaqajni u teoriji kom-
binatorne optimizacije. Brehm i Kühnel su 1987. u radu [1] dokazali da ako d−dimenzionalna
mnogostrukost koja nije sfera ima triangulaciju sa n temena tada je:

n ⩾ 3⌈d/2⌉+ 3 (0.8)

a jednakost va�i samo u dimenzijama 2, 4, 8, 16 kada mnogostrukost ima homoloxki tip realne,
kompleksne, kvaternionske i oktanionske projektivne ravni. Odgovaraju�e triangulacije su
otkrivene, posledǌa 2022. godine u radu [2], i sve su primeri auto-dualnih simplicijalnih
kompleksa.

U [3] se istra�uje kombinatorna struktura auto-dualnih simplicijalnih kompleksa.
Dokazuje se da za svaki auto-dualni kompleks K ⊆ 2[n] i svako teme {v} ∈ [n] va�i

K = ̂Lk({v})
[n]\{v}

∪ C
(
Lk({v})

)
(0.9)

gde je Lk({v}) ⊆ 2[n]\{v} pod-dualan simplicijalni kompleks u ambijentu 2[n]\{v}. Jednakost (0.9)
omogu�ava da od proizvoǉnog pod-dualnog simplicijalnog kompleksa K ⊆ 2[n] dobijemo kompleks

ΛK = K̂ [n] ∪ CK (0.10)

(gde je CK = K ∗
{
∅, {n + 1}

}
) koji je auto-dualan u ambijentu 2[n+1]. Otuda, kombinatorna i

topoloxka svojstva auto-dualnih kompleksa su upotpunosti odre�ena kombinatornim svojstvima
linka ǌihovog proizvoǉnog temena a sve auto-dualne komplekse mo�emo da dobijemo svojevrsnom
nadogradǌom (0.10) pod-dualnih kompleksa.

U doktorskoj disertaciji [4] i radu [5] se analiziraju auto-dualne triangulacije mno-
gostrukosti. Dokazuje se da se auto-dualna kombinatorna mnogostrukost K ⊆ 2[n] dimenzije d do-
bija nadogradǌom (0.10) pod-dualne kombinatorne sfere Sd−1 ⊂ 2[n−1] koja je (n−d−2)−povezana
tj.

(
[n−1]
n−d−2

)
⊂ Sd−1. Koriste�i kombinatornu Aleksanderovu dualnost, dokazuje se da auto-dualna

kombinatorna mnogostrukost M ⊂ 2[n] dimenzije d ne mo�e da bude sfera i da je n = 3⌈d/2⌉+ 3

xto po rezultatu (0.8) Brehm-a i Kühnel-a implicira da je svaka auto-dualna kombinatorna
mnogostrukost dimenzije d ∈ {2, 4, 8, 16} i ima homoloxki tip realne, kompleksne, kvaternionske
i oktanionske projektivne ravni a druge auto-dualne kombinatorne mnogostrukosti ne postoje.

Odre�uju se f−vektori opisanih mnogostrukosti kao i f−vektori sfera qijom dualnom nad-
gradǌom se one dobijaju i navodi metoda za ǌihovu konstrukciju.
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Kǉuqne reqi: Simplicijalni kompleks; Aleksanderova dualnost; kombinatorna mnogostrukost;
minimalne triangulacije.
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O Jakobi-ortogonalnosti u Rimanovoj i pseudo-Rimanovoj
geometriji

Katarina Luki�
Matematiqki fakultet, Univerzitet u Beogradu, Studentski trg 16

e-mail: katarina.lukic@matf.bg.ac.rs

Apstrakt. U radu [ 1] uvedena je nova potencijalna karakterizacija Rimanovih Oser-
manovih algebarskih tenzora krivine. Za algebarski tenzor krivine ka�emo da je Jakobi-
ortogonalan ako JXY ⊥ JYX va�i za sve X ⊥ Y , pri qemu J oznaqava Jakobijev opera-
tor. U radu [ 1] je dokazano da je svaki Rimanov Jakobi-ortogonalan tenzor Osermanov, dok
su svi poznati Osermanovi tenzori Jakobi-ortogonalni. U radu [ 2] je uopxten pojam Jakobi-
ortogonalnosti na nedefinitne prostore sa skalarnim proizvodom. Upore�ivani su razliqiti
principi i utvr�ivane veze izme�u Osermanovih, Jakobi-dualnih i Jakobi-ortogonalnih alge-
barskih tenzora krivine. Pokazano je da je svaki kvazi-Klifordov tenzor Jakobi-ortogonalan.
Dokazano je da je Jakobi-dijagonalizabilan Jakobi-ortogonalan tenzor Jakobi-dualan kadgod
JX nema izotropnih sopstvenih vektora za svako definitno X. Pokazano je da je svaki alge-
barski tenzor krivine dimenzije 3 Jakobi-ortogonalan ako i samo ako je konstantne sekcione
krivine. Dokazano je da je svaki 4-dimenzioni Jakobi-dijagonalizabilan algebarski tenzor
krivine Jakobi-ortogonalan ako i samo ako je Osermanov.

Kǉuqne reqi: tenzor krivine; Jakobijevi operatori; Jakobi-ortogonalnost; nedefinitan
prostor.
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Integrabilni sluqajevi neholonomnog sistema kotrǉaǌa sfera
kao uopxteǌa kretaǌa Qapliginove lopte
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Apstrakt. Razmatra se neholonomni sistem koji se sastoji od n homogenih kuglica istog
polupreqnika koje se kotrǉaju bez klizaǌa izme�u dve koncentriqne sfere od kojih je jedna
nepokretna, a druga pokretna. Pokretna sfera je nehomogena, pri qemu se centar masa poklapa
sa ǌenim geometrijskim centrom. Problem je opisan u qetiri razliqite konfiguracije. Izve-
dene su jednaqne kretaǌa i pokazano je da sistem poseduje invarijantnu meru. Jednaqine kretaǌa
obuhvataju kao podsluqajeve do sada poznate sluqajeve kotrǉaǌa Qapliginove lopte po ravni
i sferi i ǌihova uopxteǌa. U sluqaju n = 1 prona�ena su dva integrabilna sluqaja. Za odgo-
varaju�i planarni problem kotrǉaǌa n homogenih lopti izme�u dve ravni od kojih je jedna
nepokretna, data je procedura integracije u kvadraturama.

Kǉuqne reqi: henolonomni sistemi; kotrǉaǌe bez klizaǌa; inverijantna mera; integrabilnost
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Klasifikacija podgrupa bez vixestrukosti i polinomijalno
integrabilni sub-Rimanovi geodeziski tokovi
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Apstrakt. U radu [ 4] dokazana je hipoteza Bogojavǉenskog o integrabilnosti Ojlerovih
jednaqina definisanih lancima podgrupa u sluqaju kompaktnih Lijevih grupa [ 2]. Integra-
bilnost je dokazana u nekomutativnom smislu u klasi polinomijalnih integrala. Po hipotezi
Mix�enka i Fomenka treba oqekivati i komutativnu integrabilnost u klasi polinomijalnih
integrala. U sluqaju kada imamo podgrupe koje su bez vixestrukosti (multiplicity free) ili skoro
bez vixestrukosti (almost multiplicity free) komutativni polinomijalni integrali se mogu lako
odrediti [ 4]. Poznata je klasifikacija podgupa bez vixestrukosti kompaknih Lijevih grupa [
3], [ 6]. U [ 5] je dobijena klasifikacija podgrupa skoro bez vixestrukosti kompaktnih prostih
Lijevih grupa. Rezultati su primeǌeni na sub-Rimanove geodezijske tokove definisane levo-
invarijanom distribujom koja je u neutralu grupe ortogonalni komplement Lijeve podalgbre u
odnosu na bi-invarijantnu Rimanovu metriku [ 1].

Kǉuqne reqi: nekomutativna integrabilnost; hipoteza Mix�enka i Fomenka; podgupe bez
vixestrukosti.

Tabela 1. Klasifikacija podgrupa bez vixestrukosti i skoro bez vixestrukosti
kompaktnih prostih Lijevih grupa

bez vixestrukosti (Bn, Dn) (Dn, Bn−1) (An, An−1 ⊕ u(1))

skoro bez vixestrukosti (An, An−1) (A3, A1 ⊕A1 ⊕ u(1)) (B2, u(2))
(B2, B1 ⊕ u(1)) (B3, g2) (g2, A2)
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Complex analytic methods for virtual properties of mapping class groups
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Radcliffe Observatory, Andrew Wiles Building, Woodstock Rd, Oxford OX2 6GG, UK
e-mail: ognjen.tosic@maths.ox.ac.uk

Abstract. The mapping class group Mod(Σ) of a closed topological surface Σ is the group of connected
components of orientation-preserving diffeomorphisms of Σ. These groups are well-studied, however very
little is known about their finite index subgroups. One prominent open problem in this field is a question of
Ivanov: does Mod(Σ) admit a finite index subgroup with a finite abelianization? Since Mod(Σ) is the étale
fundamental group of the moduli space M(Σ) of Riemann surfaces homeomorphic to Σ, this question of
Ivanov naturally relates to homology of finite covers of M(Σ). Using this approach, many results have been
obtained in recent years using both Teichmüller theoretic and complex geometric methods [ 5, 6, 1, 7],
as well as the methods of algebraic geometry [ 3, 2, 4]. In this talk, we will give a general introduction to
the field and present some of these results.

Keywords: Mapping class group; Moduli space; Teichmüller space
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Loop homology of polyhedral products and Golod rings

Ivan Limonchenko
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Abstract. In the 1950s, J.-P. Serre proved that the Poincaré series of a commutative local Noetherian
ring is component-wise bounded by a certain rational function depending on the Betti numbers of the
Koszul complex and the minimum number of generators in the maximal ideal. In 1962, E.S.Golod showed
that Serre’s inequality turns into equality if and only if multiplication and all Massey products in Koszul
homology of a local ring are trivial; such a local ring is called a Golod ring. J. Bakelin proved in 1982 that
the Poincaré series of monomial rings are rational; among the monomial rings there is a well-known class
of Stanley-Reisner rings (or face rings) of simplicial complexes.

In this talk, we will discuss how toric topology allows us to establish combinatorial, algebraic and
topological conditions equivalent to Golodness and minimal non-Golodness of a face ring of a simplicial
complex over any field. We are going to describe these two classes of Stanley-Reisner rings in terms of
their Poincaré series, Koszul homology, and the structure of the Lie algebra on the loop homology of the
corresponding moment-angle complexes. We will see how the theory of spaces with a compact torus action
allows us to obtain topological interpretations of the algebraic properties of Poincaré series and Koszul
homology of Stanley-Reisner rings, as well as to get some new results.

The talk is based on joint work with T.E.Panov (Moscow State University).

Keywords: Polyhedral product, Stanley-Reisner ring, Golod ring, Massey product, Poincaré series.
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On the Trail of Vujičić’s Coordinates-Independent Position Vector Formulation:
Problematizing and Correcting Traditional Divergence and Laplacian Operators

Slobodan Nedić
Independent, retired from UNS FTN
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Abstract. In [ 1], where the main topic was (re-)affirmation of Vujičić’s coordinates-independent
formulation of a material point position vector formulation and derivation of the expressions for the tan-
gential and normal accelerations with only second order of the polar coordinates, the problem of the
inappropriateness of the traditional Divergence (and thus the Laplacian) operator(s) has been hinted, as
the repercussion of the position vector representation through only the radial basis vector component. It
has been indicated that the traditional formulation of the divergence operator might be inadequate for
the situation were the radial symmetry is absent and the particular example of the related issue cited [
2]. In this contribution this topic will be further elaborated and the comparison between the traditional
and the rotationally-invariant/classically-covariant spatial derivatives in polar coordinates evaluated for
the examples dealt with in [ 3]. While primarily the Divergence and its extension in the form of Laplacian
operator will be treated, along the Gradient one, the appropriateness of traditional ’transformation’ of a
scalar function will be re-examined, whereby additional support will be sought for inn [ 4].

Keywords: Differential Geometry; Spatial Derivatives; Transformation of Coordinates.
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Quantum "dots" and non-Euclidean crystallography on the 200th anniversary of
János Bolyai’s absolute geometry

Emil Molnár
Budapest University of Technology and Economics

e-mail: emolnar@math.bmu.hu

Abstract. My about 40 years old paper [ 1] in References had got a surprising actuality in the
Chemistry Nobel Prize 2023 awards for the three Laureates: Alexey Ekimov, Luis E. Brus and Moungi G.
Bawendi.

Of course, the present author of that paper could not guess that time the actuality and importance that
was an incidental consequence of my erroneous paper [ 2], intended to construct an infinite series of non-
orientable compact hyperbolic manifolds, as a polyhedral tiling series in the Bolyai-Lobachevsky hyperbolic
space H3. Fortunately, I observed and improved the mistakes soon. Namely, those constructions were not
manifolds because the two fixed point orbits as punctures, where points reflections (central inversions)
occur in the symmetry group of the tricky polyhedral tilings.

But these singular points, as "quantum dots" e.g. for copper and chlorine ions, respectively, in glass
(silicon) fluid cause light effects (by "electron jumping-leaping") whose colours might depend on the sizes
of crystal particles. That means, the mistake was much more interesting than the original intention that
can be reached easily later!

Keywords: non-orientable compact hyperbolic manifolds; polyhedral tiling series; "quantum dots".
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Capillary motion through a pipe with a variable cross section
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Abstract. Washburn’s equation is one of the widely used models for describing rise of a liquid column
in vertical narrow pipes. In this work, we extend the existing model by introducing the variable radius.
Similar problem was recently studied in [ 2], but inertial and gravitational effects were neglected.

Governing equation is derived from the momentum balance equation in integral form, under the
assumption of Poiseuille flow and no-slip boundary condition at the pipe wall. We show that asymptotic
approach to equilibrium may be monotonic or oscillatory with respect to the critical parameter. This also
holds true in the case of the constant radius. [ 1] We impose conditions under which certain effects (i.e.
gravity, inertia or viscosity) may be neglected in the scaled equation.

Keywords: capillary motion, viscous fluids, asymptotic analysis
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On generalizations of Eliashberg-Gromov’s theorem
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Abstract. Symplectic structure on a smooth manifold is given by a differential 2-form that is closed
and non-degenerate. A famous theorem of Y. Eliashberg and M. Gromov [ 1] states that the group of
diffeomorphisms which preserve a given symplectic structure (i.e. the symplectomorphisms group) forms
a closed subset inside the group of all diffeomorphisms equipped with the compact-open topology. This
theorem had a major impact on developing of symplectic geometry, that even V. I. Arnol’d in [ 2] referred
to it as the “existence theorem of symplectic geometry”.

In this talk we will try to emphasize that non-degeneracy is not necessary for obtaining C0 rigidity in
the above sense. In that direction, we will prove Eliashberg-Gromov’s C0 rigidity for Poisson manifolds [
4]. More precisely, we will prove that the group of Poisson diffeomorphisms forms a closed subset inside the
group of all diffeomorphisms equipped with the compact-open topology. The proof relies on the Poisson
version of the energy-capacity inequality [ 3].

If time permits we will discuss other possible generalizations of Eliashberg-Gromov’s rigidity.

Keywords: symplectic diffeomorphism; C0 rigidity; Poisson diffeomorphism; energy-capacity inequality.
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Frobenius structure on a restricted (2+1)-TQFT
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Abstract. We consider certain subcategories of 3Cob whose objects are collections of tori. Arrows are
generated by (co)multiplication and (co)unit, together with the action of the mapping class group of torus.
With the help of detected Frobenius structure our goal is to construct TQFTs for such categories. On the
way we manage to distinguish some torus bundles that are not distinguished by Reshetikhin–Turaev and
Turaev–Viro invariants (see [ 1] and [ 2]).

Keywords: (2+1)-TQFT; 3Cob; Frobenius algebra; 3Cob.
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(Non-)existence of Lagrangians in hyperkähler manifolds

Filip Živanović
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Abstract. The purpose of this review article is to convey two phenomena, the existence and non-
existence of exact Lagrangian submanifolds inside hyperkähler manifolds that have holomorphic contracting
C∗-actions.

Lagrangians of the first kind, discovered in [ 1], arise as the minima of the moment map of the S1-
parts of the C∗-actions. They are exact Lagrangians, which, in the example of 4-dimensional An-resolutions
generate the (compact) Fukaya Category. The same is expected in a much bigger generality called hypertoric
varieties.

The non-existence of other exact Lagrangians, pioneered in [ 2] for ADE resolutions (that contain the
aforementioned An-resolutions), comes from two results: (1) vanishing of a certain Floer-theoretic invariant
called symplectic cohomology and (2) isomorphism between this invariant and its twisted counterpart, for
the different symplectic form, obtained under the hyperkähler rotation of the former one. Result (1) is
generalised in [ 3], covering in particular all known hyperkähler manifolds with C∗-actions. Result (2) is
still conjectural in this generality, but if correct, it would imply for instance that there are no Lagrangian
spheres for all such spaces which are not in the (lowest) dimension 4.

Keywords: Lagrangian submanifolds; hyperkähler manifolds; symplectic cohomology.
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Nonlocal de Sitter
√
dS gravity
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Abstract. Nonlocal de Sitter
√
dS gravity model is defined by the action

S =
1

16πG

∫ √
R− 2Λ(1 + F (□))

√
R− 2Λ

√
−gd4x

where F (□) is an analytic function of the d’Alembert-Beltrami operator □ and its inverse □−1. By this
way, nonlocal operator F (□) is dimensionless. The corresponding equations of motion for the metric gµν
are presented.

We presented and discussed several exact cosmological solutions for homogeneous and isotropic uni-
verse. One of these solutions have properties similar to ones that are usually assigned to dark matter and
dark energy. Some solutions are examples of the nonsingular bounce ones in flat, closed and open universe.
There are also singular and cyclic solutions. All these cosmological solutions are a result of nonlocality and
do not exist in the local de Sitter case.

Moreover, we consider Schwarzschild-de Sit- ter metric of the
√
dS gravity model. We present an

approximative solution of linearized equation, which is related to space metric far from the massive body,
where gravitational field is weak. The obtained solution is of particular interest for examining the possible
role of non-local de Sitter gravity

√
dS in describing the effects in galactic dynamics that are usually

attributed to dark matter. The solution has been tested on the Milky Way and the spiral galaxy M33 and
is in good agreement with observational measurements.

This talk is based on joint work with Branko Dragovich, Zoran Rakić and Jelena Stanković.
Keywords: modified gravity; cosmological solutions; dark matter; dark energy.

Polytopality of Bier Spheres
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Marinko Timotijević
Faculty of Science University of Kragujevac, Kragujevac, Serbia

Abstract. Extending the author’s previous work on the politopality of Bier spheres associated to
threshold complexes, we establish that a simplicial complex is a threshold complex if and only if it’s
associated canonical fan is polytopal. Furthermore, utilising experimental experimental techniques, we
show that all Bier spheres on up to 11 vertices are polytopal.

Keywords: Polytopes, Bier spheres, Threshold complexes.
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A goodness of fit test based on the median’s characteristic function

And-ela Mijanović
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Abstract. The probability density function and characteristic function of the median are explored
when drawing a sample from a population with uniform or exponential distribution. The convergence of
the empirical characteristic function to the population characteristic function facilitates the construction
of a goodness-of-fit test, quantifying the disparity between the empirical and population characteristic
functions. Through the implementation of Monte Carlo simulations, a meticulous compilation of critical
values is achieved, subsequently leading to a comprehensive power analysis concerning the goodness-of-fit
tests. This analysis is particularly illuminating when contextualized within the realms of both uniform
and exponential distributions. The outcomes gleaned from this thorough power analysis offer compelling
insights, suggesting that goodness-of-fit tests grounded in the median’s characteristic function exhibit
superior performance when juxtaposed against certain alternative methodologies.[ 1]

Keywords: characteristic function, median, goodness of fit test, MATLAB, critical values
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Contribution of Bivariate INAR Models in Modeling Time Series of Counts
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Abstract. Time series of counts cover broad area of data studied by researchers from various fields
of sciences. After initial development of the univariate integer-valued autoregressive models recent decade
produced significant number of results in modeling bivariate time series of counts. As well as the univariate
models, the bivariate models are composed of the survival and the innovation component. The dependency
between the two observed processes has been achieved through the survival, the innovation or some external
process, and we will discuss all three approaches. The main properties of the models are presented. Special
attention is given to the challenges that arise when the models complexity is increased. The practical
aspects of these models will be considered though some real-life data sets.

Keywords: Times series; BINAR model; Thinning operator;
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To impute or not to? A multivariate goodness-of-fit testing perspective
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Bojana Milošević
University of Belgrade, Faculty of Mathematics

e-mail: bojana.milosevic@matf.bg.ac.rs

Abstract. A multivariate normality assumption is a crucial for validity of many methods of statistical
inference. Therefore, there are many proposed statistical tests for testing the mentioned assumption. How-
ever, all of the currently available tests are suitable for complete samples. When the data are not complete,
i.e. some of the values are missing, one needs to adapt the existing methodology to overcome this issue.
Here, we consider several approaches for usage of BHEP test for testing the multivariate normality in the
context of incomplete datasets with various missingness mechanisms. We explore behavior of each of them
for large sample sizes, i.e. asymptotically, as well as for small sample sizes in an extensive empirical study.

Keywords: missing data, empirical characteristic function, weighted L2 test
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Estimates for the diameter of planar Brownian motion

Milica Karapetrović
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Abstract. Let (Ω,F ,P) be a probability space. If X is a random variable, then the expectation of X
will be denoted by EX with respect to the given probability P. Let B(t), where t ∈ [0, 1], be a standard
planar Brownian motion. For 0 ⩽ θ ⩽ π we introduce the parametrized range function r given by

r(θ) = sup
t∈[0,1]

(B(t) · eθ)− inf
t∈[0,1]

(B(t) · eθ),

with eθ being the unit vector (cos θ, sin θ). We find the common distribution function F of the random
variables r(θ). Namely, we prove that

F (x) = 8

∞∑
n=1

(
1

x2
+

1

(2n− 1)2π2

)
exp

(
− (2n− 1)2π2

2x2

)
,

for every x > 0.
Let d be the diameter of the set B[0, 1], that is d = diamB[0, 1] = sup {∥B(t)− B(s)∥ : t, s ∈ [0, 1]} ,

where ∥ · ∥ denotes the two-dimensional Euclidean norm. It is known that

1.601 ⩽ Ed ⩽ 2.355.

We provide better lower bound for the expected diameter of the set B[0, 1]. Namely, we have the following
result

Ed ⩾ 1.856.

Keywords: Brownian motion; Diameter; Distribution.
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Application of resampling methods when testing agreement with Benford’s
distribution
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Abstract. Benford’s law is a statistical methodology that quickly and efficiently locates suspicious
positions and figures in large dataset. This law can be used to detect anomalies, errors or frauds in different
data sets, especially in financial reports of companies. Benford’s law claims that leading digits from 1 to 9
appear in a decreasing logarithmic law. It means that the digit 1 appears the most frequently, followed by
two, three, etc. The digit 9 has the smallest frequency according to this law. In this paper we investigate the
conformity of an empirical distribution of observed real data with the Benford’s distribution. In addition
to the tests that are presented in the literature (z-test, chi-square test, Kolmogorov-Smirnov test, MAD
test) the application of resampling methods is suggested. The main goal of the paper is to present an
application of the bootstrap tests as well as the permutation tests for checking conformity with Benford’s
law and to indicate their comparative advantages and disadvantages.

Keywords: Benford’s law, Data manipulation, Statistical tests, Resampling methods

References

[1] F. Benford The law of anomalous numbers. Proceedings of the American philosophical society, 1938,
551-572.

[2] G. Fang, Q. Chen, Q. Several common probability distributions obey Benford’s law. Physica A: Sta-
tistical Mechanics and its Applications, 2020, 540, 123-129.

[3] T. P. Hill The first digit phenomenon: A century-old observation about an unexpected pattern in
many numerical tables applies to the stock market, census statistics and accounting data. merican
Scientist, 1998, 86(4), 358-363.

[4] M. J. Nigrini Benford’s Law: Applications for forensic accounting, auditing, and fraud detection (Vol.
586). John Wiley & Sons, 2012.

[5] W. A. Wallace Assessing the quality of data used for benchmarking and decision-making. The Journal
of Government Financial Management, 2002, 51(3), 16.

www.smak15.matf.bg.ac.rs 101



Oblast 5: Verovatno�a i statistika, Teorija informacija, Analiza podataka

Statistical causality and separability of stochastic processes in continuous time
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Abstract. In this paper we consider the statistical concept of causality for continuous-time stochastic
processes. This concept unifies the nonlinear Granger causality with some of the related concepts (see [
1, 2, 3]). This concept of causality is shown to be closely related to the notion of the extremality of
measures and the martingale problem (see [ 4, 5]).

The idea of separability is to make a countable set of time points serve to determine the properties of
the process. Sufficient conditions for a stochastic process to be separable are not easily formulated. What
we can easily do is to go from one process, which may or may not be separable, to a separable process with
the same finite-dimensional distributions.

The main results of this investigation show that separability is directly related to causality concepts.
More precisely, we provide necessary conditions, in term of statistical causality, for the σ-algebra and the
space Lp(Ω,G∞, P ) to be separable (see [ 6]). The concept of statistical causality is related to the notion
of separability of stochastic processes, especially martingales.

Keywords: Stochastic process; causality; extremal measure; separability.
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On a new class of tests for the Pareto distribution using Fourier methods
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Abstract. We propose new classes of tests for the Pareto type I distribution using the empirical
characteristic function. These tests are U and V statistics based on a characterisation of the Pareto
distribution involving the distribution of the sample minimum. In addition to deriving simple computational
forms for the proposed test statistics, we prove consistency against a wide range of fixed alternatives. A
Monte Carlo study is included in which the newly proposed tests are shown to produce high powers. These
powers include results relating to fixed alternatives as well as local powers against mixture distributions.
The use of the proposed tests is illustrated using an observed data set.

Keywords: Empirical characteristic function; Goodness-of-fit testing; Pareto distribution; V and U

statistics
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Causality, optional and predictable projections
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Abstract. We consider statistical concept of causality between filtrations in continuous time which is
based on Granger’s definition of nonlinear causality [ 2]. It will be shown that the given concept of causality
[ 1, 2] preserves some of the important properties of stochastic process when the filtration is getting larger,
such as martingale, optional and predictable property.

Optional and predictable projections of stochastic processes are two important concepts in the general
theory of stochastic process; they are closely related to ordinary and generalized conditional expectations.
The connections between the given causality concept and the optional projection and the predictable
projection of the stochastic process will be presented [ 3]. Some of the results show that the (self-)causality
implies indistinguishability of the optional (or predictable) projections with respect to the considered
filtrations from the ones with respect to the larger filtrations [ 3].

Keywords: Granger’s causality; stochastic processes with continuous parameter, filtrations, optional
projection, predictable projection
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Connections between Causality and Measurable Separability of σ-algebras
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Abstract. The measurable separability of σ-algebras is defined in [ 1]. We will give a generalization
of that definition for flows of information represented by filtrations. Some of the properties of measurable
separability, that are directly connected to the concept of causality in continuous time [ 3, 2], will be
considered. Also, we will show some connections between measurable separability of σ-algebras or filtrations
and other known notions from the theory of stochastic processes [ 4].

We will apply the concept of causality on Bayesian experiment to prove its measurable separability.
The main question in the theory of Bayesian experiment is: may the given Bayesian experiment be ’reduced’
by marginalization or by conditioning and how far does such a reduction lose no ’relevant’ information.
This problem will be considered in view of the principle of conditioning.

Keywords: filtration; causality; measurable separability; Bayesian experiment.
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On a two-sample test for equality of matrix distributions based on Laplace
transforms
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Abstract. Recent results concerning statistical testing in the cone of symmetric positive definite matrix
distributions have mainly been focused on orthogonally invariant distributions. A goodness-of-fit test for
the Wishart distribution was presented in [ 1], while a two-sample test for equality of orthogonally invariant
distributions was studied in [ 2].

In this talk, our attention will be on a novel two-sample test for equality of positive definite matrix
distributions, which may not necessarily be orthogonally invariant. This test is constructed as the integral of
the squared difference of the empirical Laplace transforms with respect to the noncentral Wishart measure.

Additionally, we will present a power study conducted using the warp speed bootstrap method. Fur-
thermore, we will demonstrate the applicability of the test through two real data examples. Finally, we
will discuss potential generalisations of this approach.

Keywords: noncentral Wishart measure; Laplace transform; equality of distributions; application in
finance.
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Abstract. A new approach to optimizing or hedging a portfolio of financial positions is presented and
tested with applications to energy market. Motivated by uncertainty in the estimation of problem data
we consider robust bi-objective optimization problems with mean and conditional value-at-risk objective
functions where the underlying probability distribution of portfolio return is only known to belong to a
certain set. To tackle the problem of uncertainty we consider two different approaches: in the first one,
uncertainty is represented by an elliptic set centered at the sample estimators of mean and covariance
matrix; in the second one, uncertainty takes into account experts beliefs. For both approaches, we derive
analytical semi-closed-form solutions for the worst case mean-CVaR portfolio; in addition, we provide a
characterization of the location of the robust Pareto frontier with respect to the corresponding original
Pareto frontier.

Keywords: robustness; multi-objective portfolio selection; Conditional Value-at-Risk; efficient frontier;
energy portfolio
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Abstract. This work examines an objective Bayesian analysis for Generalized exponential distribution
parameters using record data. Focus was specifically on the objective priors within the record framework,
including the probability matching priors, Jeffrey’s prior, maximal data information (MDI) prior, and
reference prior. Taking into account each prior in turn, the suitability of posterior is carefully analyzed.
The estimator with the best performance indicators is found through a simulated research. Also, in this
research, we study the application of Bayesian point predictors of order statistics from a future sample,
which are based on the values of the kth lower record from a generalized exponential distribution. Lastly,
we used an actual set of data to apply all methodologies that were provided.

Keywords: objective priors, interval prediction, point prediction, order statistics, kth record values,
generalized exponential distribution.
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Abstract. We study an integral transformation of the copula function. We prove that under certain
conditions, the studied integral transformation is also the copula function. Some properties of the integral
transformation of a copula function are studied. Also, we derive bounds for Kendall’s tau and Spearman’s
rho.

Keywords: copula function, integral transformation, dependence.
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Abstract. In this paper, we analyze the cost function of a two-phase single-server queueing system
with Poisson input stream and hypoexponential customer service time. In stationary mode, the explicit
form of the cost function is obtained and the points at which the function reaches an absolute minimum, are
found. In the rest of the paper, additional sensitivity analysis of the optimal solutions of the cost function
is done. At the end, some conclusions from the conducted analysis are presented through a comparative
analysis of different forms of relationships between customer service intensities in terms of service speed
changes in each phase.

Keywords: Poisson input stream; hypoexponential service time; cost function; optimization; sensitivity
analysis.
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On Circular Density Estimation - Fejér Kernel Approach
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Abstract. Density estimation is one of the most important problems in nonparametric statistics,
mainly due to its applications. However, in the case of circular data, it is insufficiently explored. Here we
aim to fill in this gap by exploring the use of Fejér kernel in the context of density estimation. We present
some theoretical and empirical properties of such estimators, both in the classical setup, dealing with a
random sample of circular data, and in the presence of the measurement error. The case of Berkson error
model for circular data is considered here for the first time.

Keywords: Fejér polynomials; circular data; Berkson error.
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Apstrakt. Istra�ivaǌe umjetne inteligencije obuhvata dvije primarne metodologije: sim-
boliqku i konekcionistiqku, od kojih svaka nudi razliqite puteve do kognitivnog modeli-
raǌa. Simboliqni pristup prouqava spoznaju bez bioloxkih ograniqeǌa, dok konekcionistiqka
paradigma odra�ava arhitekturu mozga kroz umjetne neuronske mre�e. Umjetne neuronske mre�e
koji se sastoje od me�usobno povezanih qvorova simuliraju prijenos podataka sliqan bioloxkim
neuronima. Ovaj rad se bavi optimizacijom genetskih algoritama u kontekstu primjene umjetne
inteligencije u obrazovaǌu studenata koriste�i MATLAB interfejs. Naxa studija ima za ciǉ
da precizira aproksimacije genetskog algoritma, olakxavaju� integraciju u obrazovne prakse.
Ovaj poduhvat obe�ava unapre�eǌe pedagoxkih metodologija kroz fuziju tehnika umjetne in-
teligencije. Znaqajno, reference pru�aju daǉi uvid u srodna poǉa, kao xto su neuro-fazi
sistemi, kontrola projekta i prilago�avaǌe parametara u simulacijama. Osim toga, radovi
koji istra�uju neuro-fazi kontrolu i klasiqni radovi iz raqunarstva daju informaciju o sm-
jeru naxeg istra�ivaǌa, doprinose�i napretku umjetne inteligencije u obrazovaǌu.

Kǉuqne reqi: Umjetna inteligencija, genetski algoritmi, obrazovaǌe, MATLAB, optimizacija
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Apstrakt. U osnovi modernih kompilatora nalaze se optimizacije koje utiqu na vreme
kompilacije i na vreme izvrxavaǌa programa. U fazi razvoja, evaluacija uticaja optimizacije
se vrxi na odabranom podskupu skupa referentnih programa (eng. benchmarks) [ 1], dok se kom-
pletna evaluacija vrxi periodiqno (na primer, jedanput nedeǉno) ili tek na samom kraju razvo-
jnog ciklusa. Za izvrxavaǌe evaluacije se koriste posebne maxine sa podexavaǌima koja imaju
za ciǉ da minimizuju uticaj spoǉaxǌih efekata hardvera i operativnog sistema na kvalitet
rezultata same evaluacije.

U ovom radu opisujemo izabrane projekte u okviru kojih se razvijaju optimizacije za kom-
pilator GraalV M [ 2] i pokazujemo kako smaǌujemo vreme evaluacije uz pomo� distribuiranog
izvrxavaǌa referentnih programa na raqunarskom klasteru koji se sastoji od 100 servera pri
qemu svaki ima od 4 do 18 jezgara. Za potrebe delimiqne evaluacije tokom razvojnog ciklusa,
pru�amo i konfiguraciju koja se mo�e primeniti na lokalno okru�eǌe radi eliminacije uti-
caja spoǉnih faktora na kvalitet rezultata.

Kǉuqne reqi: Kompilatori, evaluacija, Java, Graal, distribuirano izvrxavaǌe
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Abstract. Consider the following problem from elementary algebra[ 1]: given the number n, determine
all decimal numbers anan−1 . . . a1, an > 0, such that anan−1 . . . a1 =

∑n
i=1 a

n
i . For example, if n = 3, then

371 = 33 + 73 + 13. The author gives some solutions for n ≤ 10, and asks if there are solutions if n > 10.
Cominatorial explosion makes the solution of this problem difficult for n > 10. Another difficulty arises
because the solution demands multyprecision arithmetic. V. Janković and M. Živković [ 2] show that there
are solutions only if n ≤ 60, and reduce the problem to find the numbers nj = |{i : ai = j}|, 0 ≤ j ≤ 9,
such that

∑9
j=0 nj = n and the number od decimal digits j of

∑9
j=0 njj

n equals to nj for all 0 ≤ j ≤ 9.
They list all the solutions for n ≤ 25, obtained by backtracking algorithm, and show that the smallest n
for which there are no solutions is n = 12. Here we give details and consider some improvements of the
algorithm.

Keywords: multiprecision arithmetic, elementary algebra, backtracking.
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v xkole, 1985, 3, 49 - 49.

[2] V. Jankovi�, M. �ivkovi�. Primena raqunara prilikom rexavaǌa nekih matematiqkih
problema, Tangenta, 2024, 115, 27 - 35.

www.smak15.matf.bg.ac.rs 115



Oblast 6: Raqunarske nauke

Dynamical simulations and bisimulations between weighted finite automata over
the field of real numbers

Predrag Stanimirović
University of Niš, Faculty of Sciences and Mathematics, Višegradska 33, 18000 Niš

e-mail: pecko@pmf.ni.ac.rs

Miroslav Ćirić
University of Niš, Faculty of Sciences and Mathematics, Višegradska 33, 18000 Niš

e-mail: miroslav.ciric@pmf.edu.rs

Dimitrios, Gerontitis
Department of Information and Electronic Engineering, International Hellenic University, 57400 Thessaloniki,

Greece
e-mail: dimitrios_gerontitis@yahoo.gr

Abstract. Weighted automata belong to the basic computation models in computer science. They can
be understood as an extension of conventional automata in which transitions and states carry numerical
or other values of different types, called weights. We will investigate simulations and bisimulations for
weighted finite automata that take weights in the field of real numbers. Basic properties of simulations
and bisimulations for weighted automata over real numbers will be presented. The proposed concept of
bisimulations is compared with other concepts of bisimulations for weighted finite automata over the field
of real numbers that can be encountered in the literature (cf. [ 1, 2, 12]).

The problem of testing the existence of simulations and bisimulations for automata over real num-
bers, their modeling in time-varying case and their computation is discussed. Theoretical background
of the investigation is given in [ 6], in the general context of weighted finite automata over a semiring.
Forward-backward bisimulation (fbb) and backward-forward bisimulation (bfb) between two weighted finite
automata (WFA) require a certain system of homogeneous Sylvester equations and two vector equations.
In this way, the problem is transferred to linear algebra models over the real numbers. These systems of
vector and matrix equations have no solution in the general case. Our intention is to apply continuous-time
dynamical systems known as the Zeroing Neural Network (ZNN) approach to solve approximately such
vector-matrix systems. Zhang Neural Network or Zeroing Neural Network (ZNN) dynamics has been pro-
posed in 2001 for solving time-varying problems. The ZNN’s architecture is based on setting each element
of to 0. This is accomplished using the continuous-time learning regulation that arises from the establish-
ment of error matrix or vector equations, known as error functions. Applying block matrix representation
of involved error functions in common with the vectorization and the Kronecker product, it is possible
to transform the model based on systems of vector and matrix equations into a single system of linear
equations with mass matrix given in block form. Then the solution of generated system of linear equations
is obtained using the matrix pseudoinverse.

On the other hand, forward and backward simulation between WFA is based on certain systems of
matrix and vector inequalities. Typically, such systems of inequalities possess infinite number of solutions.
Usage of ZNN dynamics is usable for choosing the optimal solution. In this way, approximate solutions
are considered in time-varying form. Proposed models are able to determine approximate solutions or to
choose best solution between an infinite number of possible solutions.

The structure of developed ZNN models is based on composite models with various matrix or vectors
error functions. Based on its global convergence without conditions, the proposed ZNN dynamical system is

aimed to force the convergence of involved error functions to zero. Strategy of development of ZNN dynamics
based on several error functions has been exploited in several research papers, involving [ 5, 6, 7, 8, 9].
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Convergence analysis of proposed dynamical models is considered. Numerical examples are performed
with different initial state matrices.

Keywords: Weighted finite automata, zeroing neural network, simulation, bisimulation, Sylvester
matrix equations.
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Abstract. Simulation and bisimulation relations are powerful tools used in many areas of computer
science to match moves and compare the behaviour of various computing systems, such as labelled transition
systems and automata, as well as to reduce the number of states of these systems. By moving from
traditional Boolean-valued systems to quantitative ones, a need arise for both simulations and bisimulations
to be quantitative, to be modeled with matrices whose entries should provide a measure of the connectivity
of states of the considered systems.

Our approach consists of defining quantitative simulations and bisimulations as matrices that are
solutions of certain systems of matrix inequalities and equations. Such an approach was applied for the
first time in [ 4], where quantitative simulations and bisimulations between fuzzy finite automata were
introduced and their basic properties were examined, while in [ 5] algorithms were developed for testing
the existence of simulations and bisimulations of a given type. The same algorithms compute the greatest
simulations and bisimulations, in cases where they exist. Then the same approach was applied to the study
of simulations and bisimulations for non-deterministic automata [ 3], weighted finite automata over an
additively idempotent semiring [ 8], and max-plus automata [ 7], as well as for weighted finite automata
over an arbitrary semiring [ 6], which encompass all the previous ones. It turned out that almost identical
methodology can also be applied to social networks [ 9] (in positional analysis and blockmodeling) and
Kripke models of fuzzy multimodal logics [ 10, 11].

Here we use the same approach in defining simulations and bisimulations for weighted finite automata
over the field of real numbers. We will present the basic properties of simulations and bisimulations for this
type of weighted automata and show that there are important differences in comparison with the previously
mentioned types of automata. We will also compare our concept of bisimulations with other concepts of
bisimulations for weighted finite automata over the field of real numbers that can be encountered in the
literature (cf. [ 1, 2, 12]). The problem of testing the existence of simulations and bisimulations for this
type of automata and their computation will be discussed in a separate lecture.

Keywords: Weighted finite automaton, containment problem, equivalence problem, simulation,
bisimulation, matrix inequations and equations.
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Abstract. Radiotherapy is crucial for treating tumors, but achieving effectiveness while minimizing
damage to surrounding healthy tissue presents significant challenges. In this research, we present novel
methods for automatically selecting a proper set of parameters to address these two opposing criteria:
achieving maximum radiation homogeneity and minimizing exposure to organs-at-risk (OARs). Our re-
search is based on the FOTELP-VOX program (author R.Ilić), a Monte Carlo technique that determines
electron dose distribution in voxel-based transport simulations utilizing patient anatomy obtained from
CT images.

Researchers utilize simulations to test various scenarios in radiation therapy to mitigate poten-
tial health consequences for patients. Finding the optimal scenario for each patient is crucial yet time-
consuming, often relying on a manual trial-and-error approach with loose guidelines. This type of problem
is well-recognized and falls within the class of optimization problems such as the traveling salesman and
scheduling.

We enhance the current methodology using standard optimization techniques like random search, as
well as advanced techniques including Bayesian optimization (BO) and genetic algorithms (GA). Our goal
is to efficiently search the parameter space to find the closest solution to the existing AAA electron dose
calculation model.

Keywords: Voxel-based simulations; evolutionary optimization; Bayesian optimization; Monte Carlo
techniques

References

[1] B. Li, B. Hou, W. Yu, X. Lu, C. Yang. Applications of artificial intelligence in intelligent manufac-
turing: a review. Front Inf Technol Electron Eng., 2017, 18, 86-96.

[2] F. Tao, Q. Qi, A. Liu, A. Kusiak. Data-driven smart manufacturing. Journal of Manufacturing Systems,
2018, 48, 157-169.

120 www.smak15.matf.bg.ac.rs



XV Srpski matematiqki kongres, Beograd, Srbija

[3] J. Liu, H. Xiao, J. Fan, W. Hu, Y Yang, P. Dong, L. Xing, J. Cai. An overview of artificial intelligence
in medical physics and radiation oncology. Journal of the National Cancer Center, 2023, 3, 3, 211-221.

[4] R. Ilić, V. Spasić-Jokić, P. Belicev, M. Dragović. The Monte Carlo SRNA-VOX Code for 3-D Proton
Dose Distribution in Voxelized Geometry Using CT Data. Physics in Medicine and Biology, 2005, 50,
5, 1011-1017.

[5] R. Ilić. Proton Therapy Monte Carlo SRNA-VOX code. Nuclear Technology and Radiation Protection,
2012, 27, 4, 355-367.

[6] J. Bergstra, R. Bardenet, Y. Bengio, B. Kegl. Algorithms for Hyper-Parameter Optimization. In:
Advances in Neural Information Processing Systems, 2011, 24

[7] S. Watanabe. Tree-Structured Parzen Estimator: Understanding Its Algorithm Components and Their
Roles for Better Empirical Performance. Technical report, arXiv 2304.11127, 2023.

[8] K. Deb Multi-objective optimization using evolutionary algorithms. JohnWiley&Sons 2001, 16.
[9] M. Ivanovic, V. Simic, B. Stojanovic, A. Kaplarevic-Malisic, B. Marovic. Elastic grid resource pro-

visioning with WoBinGO: A parallel framework for genetic algorithm based optimization. Future
Generation Computer Systems 2015, 42, 44-54.

[10] J. Sievinen, W. Ulmer, W. Kaissl. AAA photon dose calculation model in Eclipse. Palo Alto (CA):
Varian Medical Systems 2005, 1-18.

www.smak15.matf.bg.ac.rs 121



Oblast 6: Raqunarske nauke

Hyperchaotic Systems and Other Mathematical Constructs for Enhanced Image
Cube Encryption

Eyad Mamdouh
Physics Department, German University in Cairo, Egypt

e-mail: eyad.gaber@ieee.org

Mohamed Youssef
CSEN Department, Faculty of MET, German University in Cairo, Egypt

e-mail: mohammed.saad@guc.edu.eg

Dina El-Damak
Electronics Department, Faculty of IET, German University in Cairo, Egypt

e-mail: dina.eldamak@guc.edu.eg

Amr Diab
CSEN Department, Faculty of MET, German University in Cairo, Egypt

e-mail: amr.samir@guc.edu.eg

Wassim Alexan
Communications Department, Faculty of IET, German University in Cairo, Egypt

e-mail: wassim.alexan@ieee.org

Mohamed Gabr
CSEN Department, Faculty of MET, German University in Cairo, Egypt

e-mail: mohamed.gabr@ieee.org

Abstract. This research work introduces an encryption algorithm for image cubes, which is under-
pinned by hyperchaotic systems formulated from complex differential equations. The sensitivity to initial
conditions, a fundamental aspect of chaos theory, has been expanded into the hyperchaotic domain to
facilitate effective multidimensional encryption. The algorithm’s complexity has been enhanced by the in-
tegration of Linear Feedback Shift Registers (LFSRs) and DNA coding sequences. Secure pseudorandom
sequences are provided through the use of LFSRs, and additional cryptographic depth is introduced with
DNA coding. This combination has resulted in a robust encryption mechanism that ensures the confiden-
tiality of data and resilience against advanced computational threats. Superior performance in entropy,
key sensitivity, and resistance to statistical attacks has been demonstrated by the proposed encryption
approach, establishing its suitability for the protection of volumetric image data [ 1, 2].

Keywords: Chaos Theory; Cryptography; DNA Coding.
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A calculator of some special mathematical functions
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Abstract. This paper presents the implementation of a calculator of certain special mathematical
functions in the form of an efficient web application with a simple and intuitive GUI (graphical user
interface). The objective of this application is to enable accurate numerical approximations of the most
frequently used special mathematical functions in engineering and science, eliminating the necessity to
acquire additional notational knowledge or programming languages syntax experience. The investigation
can be divided into three larger units. The initial section offers a theoretical introduction – the functions
whose approximations are implemented are defined and the formulas used for their approximation are
given. For the time being, this application provides approximations for the following special mathematical
functions: Bessel functions of the first kind, gamma and beta functions, and some orthogonal polynomials
– Legendre, Laguerre, Hermite (physicist’s and probabilistic) polynomials, Chebyshev polynomials of the
first and the second kind, as well as Jacobi polynomials. The middle section presents a description of the
computer implementation – an overview of the used technology and implemented algorithms, while final
section includes an overview of the application and discussion of the solution, as well as a comparison with
existing software which provides same features as the subject application. At the end, it is pointed on
improvements regarding existing software, as well as on development directions.

Keywords: special functions, orthogonal polynomials, gamma function, numerical approximations,
numerical calculator
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Beyond simple thresholding: using tracklet information to improve selection of
true positive detections for multiple object tracking
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Abstract. State of the art multiple object tracking (MOT) algorithms typically follow tracing by
detection paradigm, in which detection and association are performed in separate steps. Selecting only
true positive detected bounding boxes for association is one of the problems which remains largely un-
solved. Existing methods usually rely on simple thresholding to discard detected bounding boxes with low
detection confidence scores and recent methods (e.g. [ 1, 2]) have applied two-stage association to use
low-confidence detections and remaining tracklets in the second stage. However, recent papers discussed
the shortcomings of the two-stage association [ 3, 4]. In our research, we expand the idea of boosting de-
tection confidence of likely objects from BoostTrack [ 4]. We experiment with different similarity measures
in addition to intersection over union (shape, Mahalanobius distance, visual embedding) for increasing the
detection confidence of bounding boxes where an object is likely to be. Furthermore, we introduce varying
thresholds for increasing the detection confidence depending on the number of timesteps elapsed since the
last association. We perform experiments on MOT17 [ 5] and MOT20 [ 6] datasets to demonstrate the
effectiveness of our methods and achieve improvements in the MOTA metric indicating that our method
increases the number of true positive detections used.

Keywords: multi-object tracking; detection confidence; tracking by detection.
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Abstract. The large number of sequenced isolates of the coronavirus family represents a massive
sample for various bioinformatics experiments, including research of genomic variability and research of
different data modeling techniques. The goal of our research was to use data mining techniques to determine
correlation between codon usage and different types of viruses and proteins. The material includes 980,554
isolates with 15,573,303 coding sequences (proteins) of 7 coronavirus types. Material was downloaded from
NCBI (26.05.2023.). Individual coding sequences containing ambiguous nucleotide codes were eliminated.
As a measure of codon usage various measures (RSUC, ENC, RCBS, codon frequencies, and others) were
used. We have tested different classification and clustering algorithms to construct models based on the
used measures. The results we obtained showed that codon measures can be used to construct prediction
models that predict the type of virus or protein with very high accuracy (from 96.3% to 99.9%). The
clustering of the material used led to a separation of records that is very close to the natural clustering by
protein type.
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Oceǌivaǌe uqenika u nastavi matematike (pedagoxka praksa)

Miroslav B. Mladenovi� Mirac
OX B. Milenkovi� s. Xixava, Vlasotince (u penziji)

e-mail: miracyu@gmail.com

Apstrakt. Ocenu treba shvatiti kao rezultat upoznavaǌa razvoja i vrednovaǌa znaǌa
(ukǉuquju�i umeǌa i navike), zalagaǌa i aktivnosti uqenika. Ocena iz matematike treba da
izrazi stvarni uspeh pojedinog uqenika u uqeǌu ve� treba da bude vaǉana (da pokazuje u kojem
stepenu je uqenik usvojio propisani obavezni program), objektivna (da zavisi samo od pokazanih
postignu�a, a ne od subjektivnih utisaka nastavnika ili prirode instrumenata kojim se vrxi
oceǌivaǌe) i pouzdana (da se za isti stepen usvojenosti programskih sadr�aja u ponovǉenim
oceǌivaǌimav��od drugog nastavnika ili nekom objektivnom metodomv��dobije ista ocena).
U radu se metodoloxki iz pedagoxke prakse izla�u oblici i metode oceǌivaǌa, organizacija,
utvr�ivaǌe ocena, kriterijum i norme oceǌivaǌa, o problemima oceǌivaǌa u pedagoxkoj prak-
si i liqnosti nastavnika.

Bi�e izlo�eni primeri bod sistema oceǌivaǌa na osnovu kvaliteta rada uqenika u pogledu
razvoja kritiqkog mixǉeǌa i usvojenosti znaǌa steqenog na osnovu razumevaǌa i primenu u
pogledu rexavaǌa problemskih situacija iz �ivota.

Posebno �e biti reqi sa primerima o problemima oceǌivaǌa u nastavnoj praksi, i eksper-
imentalnog bod sistema oceǌivaǌa u nastavi u OX K. Petrovi� s. Kruxevica i OX B.
Milenkovi� s. Xixava, SO-e Vlasotince, Srbija. Ovu temu sa liqnim eksperimentom sam
izlagao na dva matematiqka kongresa, Pedagoxka praksa lista Prosvetni Pregled i publiko-
vao u metodskoj kǌizi MATEMATIKO MOJA (Pedagoxka praksa).

Kǉuqne reqi: oceǌivaǌe; ocena; uspeh; kriterijum; prilog.
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Xta je Matematiqki talent?

Vojislav Andri�
Matematiqki klub Diofant, Vaǉevo

e-mail: voja.andric@gmail.com

�or�e Golubovi�
13. beogradska gimnazija, Beograd

e-mail: g0lub@yahoo.com

Apstrakt. Matematiqki talent je jedinstven matematiqki portal koji je veoma koristan
za nastavnike i nastavu matematike.

Portal je dostupan na adresi: https://matematickitalent.mk/
Portal ,,Matematiqki talent” sadr�i celine kao xto su nastavni programi, qlanci, kǌige,

takmiqeǌa..., a svaki od ovih delova je sistematiqno podeǉen po matematiqkim disciplinama
(algebra, geometrija, teorija brojeva, kombinatorika, istorija matematike...) i dat je na bar
dva - tri nivoa (uqenici mla�ih razreda osnovne xkole, uqenici starijih razreda osnovne
xkole, sredǌoxkolci).

Portal je nameǌen obdarenim uqenicima i nastavnicima koji sa ǌima rade, xto po-
drazumeva velike mogu�nosti korix�eǌa materijala za samostalni rad uqenika, dodatnu nas-
tavu matematike, pripremu za matematiqka takmiqeǌa i druge oblike rada sa talentovanim
uqenicima. Sadr�aj portala mo�e biti veoma koristan i za studente matematike, redovnu nas-
tavu matematike, struqno - pedagoxko usavrxavaǌe nastavnika...

Autor, alfa i omega portala je prof. dr Risto Malqeski iz Skopja.
Ciǉ ovog saopxteǌa je da se portal ,,Matematiqki talent” pribli�i sluxaocima ovog

saopxteǌa i preporuqi za upotrebu u raznim nastavnim i vannastavnim situacijama, da se uka�e
na otvorenost portala za nove saradnike i ǌihove priloge i uputi najxiri poziv uqenicima,
studentima i nastavnicima da koriste portal.

Metodika nastave matematike u specijalizovanim odeǉeǌima OX
pri MG - 20 godina iskustva

Mirjana Kati�
Matematiqka gimnazija, Beograd
e-mail: mirjana.katic@mg.edu.rs

Apstrakt. U ovom kratkom izlagaǌu �emo predstaviti pristupe i savremene metode rada
na redovnoj nastavi, kao i na dodatnoj nastavi, u radu sa talentovanim uqenicima, koji poha�aju
7. i 8. razred u specijalizovanim odeǉeǌima osnovne xkole pri Matematiqkoj gimnaziji.

Tako�e, predstavi�emo i komentarisati ǌihova postignu�a, a posebno uspehe na zavrxnim
doma�im i me�unarodnim takmiqeǌima.

Na kraju �emo dati neke konstruktivne predloge u ciǉu poboǉxaǌa uslova rada nastavnika
i uqenika.
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Da li nastavu matematike treba osavremeniti?

Vojislav Andri�
Matematiqki klub Diofant, Vaǉevo

e-mail: voja.andric@gmail.com

Apstrakt. U nastavi matematike u Srbiji, a qini se i u okru�eǌu, ve� decenijama se nixta
znaqajno ne meǌa i nastavom (po svoj prilici) i daǉe caruju frontalni oblik rada, predavaqka
metoda i nastavni programi koji su samo formalno od obrazovno-vaspitnih ciǉeva i zadataka
usmereni ka standardima, obrazovnim nivoima i ishodima (qiju realizaciju uglavnom niko ne
proverava).

U me�uvremenu se desilo mnogo toga, xto je situaciju u obrazovaǌu i u nastavi matematike,
u svetu, a i kod nas, generalno promenilo. Velika promena se odigrala u sferi upotrebǉivosti
matematiqkih znaǌa gde vixe nikoga ne interesuje reproduktivna mo� uqenika (koju i daǉe
forsiraju naxa eksterna proveravaǌa i istra�ivaǌa), ve� funkcionalne matematiqke sposob-
nosti i rexavaǌa problema (koje ispituju me�unarodna istra�ivaǌa). Ne maǌe promene su
prisutne u sferi nastavnih tehnologija (metoda i oblika rada), gde pasivne i reproduktivne
odnose sve vixe zameǌuju aktivno uqeǌe i razvijaǌe kreativnosti i gde je prisutno priliqno
mnogo pozitivnih novina. Najve�e promene su se ipak desile u sferi nastavnih sredstava, gde je
primenom savremenih informacionih tehnologija mogu�a mnogo oqiglednija i efikasnija nas-
tava koja qini da se u jedinici vremena postigne mnogo vixe nego u klasiqnoj nastavi. Ako se
svemu prethodnom doda i neophodnost promena u motivaciji uqenika, jer je prethodno najqex-
�e korix�en motiv - ocena, u me�uvremenu (qini se nekritiqki i nepotrebno dijametralno)
izgubio znaqaj, onda postaje jasno da je vreme za razmatraǌe svih navedenih i jox nekoliko
nenavedenih problema.

Svoja razmixǉaǌa ne bih izlagao kao kategoriqne stavove, jer su mi za svaki od navedenih
segmenata potrebna egzaktna istra�ivaǌa kojim bi ih potkrepio, ali mislim da bi odgovori
na nekoliko pitaǌa dali znaqajan doprinos temi o kojoj je req:

1. Imamo li snage, sredstava i ǉudi da komparativnim istra�ivaǌima staǌa nastave
matematike kod nas i u svetu, odredimo naxu trenutnu poziciju?

2. Kako organizovati rad na istra�ivaǌima, analizama i korix�eǌu dobijenih rezultata?
3. Kako na osnovu dobijenih istra�ivaǌa i ǌihovih rezultata odrediti u kom smeru treba

da se kre�u promene kada se govori o struqnim, ali i didaktiqko-metodiqkim aspektima nastave
matematike?

4. Kako osmisliti i organizovati sistematiqan rad na realizaciji prethodno nabrojanih
poslova?

5. Kako obezbediti da strategija promena kao rezultat uqiǌenih istra�ivaǌa bude i re-
alizovana, ali i kontinuirano i sistemski pra�ena i unapre�ivana (akcioni plan, neophodna
sredstva, institucije, kadrovi ...)?
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Razvoj i implementacija obrazovne platforme eVe�baonica

Duxan �ami�

Univerzitet u Beogradu, Fakultet organizacionih nauka, Jove Ili�a 154, Beograd, Srbija
e-mail: dusan.dzamic@fon.bg.ac.rs

Branislav Ran�elovi�

Univerzitet u Nixu, Elektronski fakultet, Aleksandra Medvedeva 14, Nix
Zavod za vrednovaǌee kvaliteta obrazovaǌa i vaspitaǌa, Fabrisova 10, Beograd, Srbija

e-mail: brandjelovic@ceo.gov.rs

Miroslav Mari�

Univerzitet u Beogradu, Matematiqki fakultet, Studencki trg 16, Beograd, Srbija
e-mail: miroslav.maric@matf.bg.ac.rs

Apstrakt. Ministarstvo prosvete i Zavod za vrednovaǌe kvaliteta obrazovaǌa i vaspi-
taǌa, u okviru zajedniqkog projekta, a u saradǌi sa eUpravom, Matematiqkim fakultetom i
Fakultetom organizacionih nauka Univerziteta u Beogradu, kreirali su besplatnu i javno
dostupnu platformu eVe�baonica. Ova platforma omogu�ava uqenicima da na svom matern-
jem jeziku ve�baju i proveravaju svoje znaǌe tokom priprema za zavrxni ispit na kraju os-
novnog obrazovaǌa i vaspitaǌa. Platforma sadr�i zadatke iz sedam predmeta (srpski jezik /
materǌi jezik, matematika, fizika, hemija, biologija, geografija i istorija), raspored-ene na
tri nivoa te�ine (osnovni, sredǌi i napredni). Preko 4000 zadataka sastavǉeno je u skladu
sa obrazovnim standardima na srpskom jeziku i osam jezika nacionalnih maǌina. Platforma
eVe�baonica je razvijena korix�eǌem modernih veb tehnologija i prilagod-ena je razliqitim
ured-ajima, ukǉuquju�i raqunare, tablete i pametne telefone. Za potrebe platforme razvijen je
specijalizovan jezik za kreiraǌe razliqitih tipova zadataka i definisaǌe ǌihovog vizuelnog
izgleda. Ovaj jezik omogu�ava jednostavan unos razliqitih tipova zadataka (vixestruki iz-
bor, kratak odgovor, izbor u tabeli itd.) i ne ograniqava autore da prilikom osmixǉavaǌa
zadataka koriste unapred definisane xablone. Pored toga razvijen je tekst procesor koji u
realnom vremenu kompajlira uneti sadra�aj na definisanom jeziku i prikazuje izgled zadatka
nameǌen uqeniku. eVe�baonica je veoma dobro prihva�ena od strane uqenika ali i xire javnosti
i predstavǉa znaqajan korak ka digitalizaciji obrazovaǌa u Srbiji, nude�i besplatne i dos-
tupne obrazovne resurse za uqenike i podr�avaju�i razliqite stilove uqeǌa i potrebe uqenika
u procesu pripreme za zavrxni ispit.

Kǉuqne reqi: eVe�baonica; zavrxni ispit; obraznovna platforma.

Bibliografija

[1] M. Marić. Platforma eZbirka. U: Zbornik radova sa naučnostručnog skupa Informatika 2014 - novi
trendovi u razvoju informacionih sistema, Beograd, Srbija: Drushtvo za informatiku Srbije, 2014, pp.
24-28.

[2] M. Marić & I. Kovačević. Razvoj i primena obrazovnih platformi. U: Potić, S., Slavković, S.
(Ur.), Tematski zbornik radova med-unarodnog značaja Elektronske komunikacije i informaciono-
komunikacione tehnologije, Novi Sad: Društvo defektologa Vojvodine, 2017.

[3] I. Kovačević. Pripremanje svih udďzbenika za polaganje završnog ispita iz srpskog jezika i književnosti
u digitalnom okruženju. Književnost i jezik, 2021, LXVIII/2, Beograd: Društvo za srpski jezik i kn-
jiževnost Srbije.

[4] Ministarstvo prosvete, nauke i tehnološkog razvoja. Okvir digitalnih kompetencija - Nastavnik za
digitalno doba. Beograd: Zavod za unapred-ivanje obrazovanja i vaspitanja, Ministarstvo prosvete,
nauke i tehnološkog razvoja, Zavod za vrednovanje kvaliteta obrazovanja i vaspitanja, 2019.
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[5] Zavod za vrednovanje kvaliteta obrazovanja i vaspitanja. Onlajn i hibridno učenje - Dugoročna streml-
jenja i kratkoročne smernice. Beograd: Zavod za vrednovanje kvaliteta obrazovanja i vaspitanja, Cen-
tar za obrazovnu tehnologiju, Centar za ispite, 2021.

Povrxina i zapremina - neki interesantni fenomeni

Marek Svetlik
Univerzitet u Beogradu - Matematiqki fakultet, Studentski trg 16, 11000 Beograd, Republika Srbija

e-mail: marek.svetlik@matf.bg.ac.rs

Miǉan Kne�evi�
Univerzitet u Beogradu - Matematiqki fakultet, Studentski trg 16, 11000 Beograd, Republika Srbija

e-mail: miljan.knezevic@matf.bg.ac.rs

Apstrakt. U ovom izlagaǌu razmotri�emo pojmove povrxina figure u ravni, povrxina
figure u prostoru i zapremina tela u prostoru. Vide�emo kako se odgovoraju�e formule izvode
korix�eǌem integrala, ali i kako se neke od ǌih mogu izvesti elementarno. Ukaza�emo na neke
interesantne fenomene koje se mogu uoqiti prilikom izvo�eǌa ovih formula.

Kǉuqne reqi: Povrxina figure; povrxina povrxi; zapremina tela.

Diferencijalne jednaqine i mogu�nost primene ChatGPT-a u
nastavi matematike

Tatjana Stankovi�
Beogradska akademija poslovnih i umetniqkih strukovnih studija, Beograd

e-mail: t.stankovic12@gmail.com

Apstrakt. Promene u nastavnim planovima i programima dovode do pojave novih iza-
zova u na-stavnom procesu. Jedan od takvih izazova je i nedostatak adekvatne literature za
pojedine izborne predmete. Prema nastavnom planu i programu za qetvorogodixǌi obrazovni
profil elektrotehniqar informacionih tehnologija [1], u okviru izbornog predmeta Izabrana
poglavǉa matematike u qetvrtom razredu sredǌe struqne xkole obrad-uje se i tema Diferenci-
jalne jednaqine [2]. Sadr�aj ove teme uglavnom nije u celosti obuhva�en aktuelnim u
benicima
koji se koriste u nastavi. Primenom pojedinih onlajn alata dostupnih kako nastavnicima tako
i uqenicima, mogu�e je unaprediti na-stavu matematike i donekle prevazi�i postoje�e izazove.
U skladu sa tim, imaju�i u vidu rapidan razvoj vextaqke inteligencije, u ovom radu razmatran
je i potencijal ChatGPT-a u pru�aǌu dodatne podrxke uqenicima prilikom usvajaǌa sadr�aja
iz oblasti Diferencijalnih jednaqina.

Kǉuqne reqi: diferencijalne jednaqine; nastava matematike; ChatGPT .

Bibliografija

[1] https://www.zetss.edu.rs/resursi/nastavni-planovi/
[2] https://www.zetss.edu.rs/wp-content/uploads/2018/11/etit_oo_01_2018.pdf
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Problemi razmere u osnovnom i sredǌem obrazovaǌu

Radoslav Bo�i�
Univerzitet Edukons, Uqiteǉski fakultet, Sremska Kamenica

Gimnazija ”Svetozar Markovi�”, Novi Sad
e-mail: radoslav.bozic@gmail.com

Apstrakt. Izuqavaǌe razmere poqiǌe u osnovnoj xkoli, a razmera i proporcija se po-
javǉuju u ve�ini matematiqkih sadr�aja, tokom celog xkolovaǌa uqenika. Pored matematiqkih,
razmera i proporcija se pojavǉuju i u nastavnim sadr�ajima drugih predmeta, kao xto su ge-
ografija, tehniqko i informatiqko obrazovaǌe, fizika, hemija, struqni predmeti u sredǌim
xkolama, itd. Zbog toga se, kod izuqavaǌa razmere, qesto primeǌuju problemski zadaci, za
qije je rexavaǌe potrebno primeniti, ne samo matematiqko, nego i znaǌe drugih predmeta.
Uprkos ǌihovoj ne maloj zastupǉenosti u nastavi, znaqajan broj uqenika ima potexko�e u pri-
meni razmere i proporcije u rexavaǌu realnih problema. Primena savremene tehnologije u
nastavi omogu�ava da se izuqavaǌu razmere pristupi kroz rexavaǌe realnih problema, kakvi,
bez primene odgovaraju�ih softverskih rexeǌa, ne bi bili primereni nastavi matematike u os-
novnim i sredǌim xkolama. Istra�ivaǌe, koje je sprovedeno u Gimnaziji ”Svetozar Markovi�”
u Novom Sadu, pokazalo je da primena odgovaraju�ih problema, koji �e biti predstavǉeni uq-
esnicima Kongresa, u okru�eǌu dinamiqkog softvera, doprinosi boǉoj motivisanosti uqenika
za izuqavaǌe razmere, ali i drugih (ne samo matematiqkih) nastavnih sadr�aja.

Kǉuqne reqi: Dinammiqki softver; problemski zadaci; razmera.

Bibliografija

[1] R. Adjiage, F. Pluvinage. An Experiment in Teaching Ratio and Proportion. Educational Studies in
Mathematics, 2007, 65, 149 - 175.

[2] D. Ben-Chaim, Y. Keret, B. S. Ilany. Ratio and Proportion - Researhc and Teaching in Mathematics
Teachers’ Education (Pre- and In-Service Mathematics Teachers of Elementary and Middle School
Classes). Sense Publishers, Rotterdam, Netherlands, 2012.

[3] L. Parish. Facilitating the Development of Proportional Reasoning through Teaching Ratio. In: The
Annual Meeting of the Mathematics Education Research Group of Australasia, Freemantle, Western
Australia,2010, pp. 469 - 476.
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Kurikulum matematike u naxoj zemǉi i okru�eǌu

Milan Grujin
Xkolska uprava Novi Sad,Bulevar Mihajla Pupina 6

e-mail: milan.grujin@mpn.gov.rs

Bo�idar R. Milanovi�
Gimnazija Mladenovac, Kraǉa Aleksandra Obrenovi�a 25

e-mail: milanovic.boza@gmail.com

Apstrakt. Na poqetku izlagaǌa osvrnu�emo se na razliqite definicije kurikuluma u obra-
zovaǌu i na razliqita xvataǌa kurikuluma. Navex�emo kratak istorijat razvoja i xvataǌa
kurikuluma. Nabroja�emo glavne osobine kurikuluma u savremenom obrazovaǌu i prodiskuto-
vati o ǌima. Centralni deo izlagaǌa odnosi�e se na upore�ivaǌe kurikuluma u zemǉama u
okru�eǌu. Xta mo�emo primeniti u naxem obrazovnom sistemu? Koliko su kurikulumi pri-
lago�eni novim programima nastave i uqeǌa zasnovanim na ixodima? Kako na najboǉi naqin
nastavu matematike prilagoditi potrebama savremenih kurikuluma? U svakom kurikulumu na-
glasak se stavǉa na ciǉeve, zadatke i sadr�aje koji se moraju operacionalizovati, realizovati
i uqiniti merǉivim. Razmotri�emo koliko u ǌemu dolaze do izra�aja karakteristike moderne
nastave (diferencijacija, projektna nastava, korix�eǌe IKT – a). Uporedi�emo prisustvo
ovih karakteristika u naxoj zemǉi i zemǉama u naxem okru�eǌu. Poseban osvrt �emo naprav-
iti na sadr�aje koji se mogu primeniti pri radu sa darovitom decom. Da li su oni zastupǉeni
u dovoǉnoj meri? A u okolnim zemǉama? Da�emo predloge kako se sadr�aji iz kurikuluma
mogu prilagoditi potrebama dece koja rade po IOP – u 3. Pokaza�emo primere kako se poje-
dini sadr�aji kurikuluma mogu dodatno pribli�iti uqenicima korix�eǌem IKT – a. Poseban
deo izlagaǌa odnosi�e se na prisustvo verovatno�e u kurikulumu i poqetku ǌenog izuqavaǌa
u obrazovaǌu. Mixǉeǌa smo da sa izuqavaǌem treba poqeti ve� u 5. razredu osnovne xkole.
Navex�emo primere koji su ,,zgodni” za poqetno izuqavaǌe osnova verovatno�e. Deo kurikuluma
predstavǉaju i sadr�aji predvi�eni za sekcije i vannastavne aktivnosti. Pokaza�emo primere
koji se mogu koristiti za vannastavne aktivnosti i sekcije.

Kǉuqne reqi: kurikulum, diferencijacija, IOP -3, verovatno�a.

Bibliografija

[1] Radni materijal za zbirku zadataka za 5. razred osnovne xkole autora Milana Grujina,
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[2] Materijal korix�en u izradi seminara ,,Da matematika bude laka za svakog �aka”, kat-
aloxki broj 404
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Hyperbolic geometry, geometry of the Minkowski space, the Möbius
transformations and the special theory of relativity

Miodrag Mateljević
University of Belgrade, Faculty of Mathematics and Serbian Academy of Sciences and Arts

e-mail: miodrag@matf.bg.ac.rs

Abstract. We review basic property of the flat geometry based on everyday intuition which is called
Euclidean geometry (or parabolic geometry), and the non-Euclidean geometries which is called hyperbolic
geometry (or Lobachevsky-Bolyai-Gauss geometry), and Minkowski geometry which is related Einstein’s
Postulate 2: The speed of light in vacuum is the same for all observers, regardless of the motion of light
source or observer as well connections between these geometries.

In particular, we try to make a mathematical model motivated by the special theory of relativity,
without using the second postulate of Einstein, and to consider it. We try to conclude that the two way
speed of light is invariant.

Keywords: The Minkowski space; the special theory of relativity
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Two interesting triangle geometrical problems

Vladimir Baltić
ATUSS – VIŠER, School of Electrical and Computer Engineering, Belgrade, Vojvode Stepe 283

e-mail: balticvladimir@gmail.com

Predrag Vilotić
School of Electrical Engineering, Belgrade, Bulevar kralja Aleksandra 73

e-mail: viloticpedja@yahoo.com

Abstract. First problem statement: Let ABC be the triangle with angle at the vertex A equal to
60◦. Let H be the orthocenter of that triangle, P and Q centers of length BH and CH, respectively, M the
intersection of the normal on BH at point P with line AB and N intersection of the normal on CH at point
Q with line AC. Prove that the points M, H, N, O belongs to the same line.

Second problem statement: The bisector of the interior angle at vertex A of triangle ABC intersects
BC at point D. If AD = AB and AD is perpendicular to OH, where O is the centre of the circumscribed
circle and H is the orthocentre of that triangle, calculate triangle angles.

Both problems were on Serbian mathematical competitions, and appeared to be not so easy but with
nice pure geometrical solutions. In solutions we used simple geometrical properties: triangle congruencies,
central and peripheral angle in the circle, simple angle chase, bisector of isosceles triangle.

Keywords: triangle, orthocenter, bisector, circumscribed circle.
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Enhancing C++ Programming Skills through Collaborative Peer Feedback

Marina Svičević
University of Kragujevac, Faculty of Science, Radoja Domanovića 12, 34000 Kragujevac, Serbia

e-mail: marina.svicevic@pmf.kg.ac.rs

Aleksandar Milenković
University of Kragujevac, Faculty of Science, Radoja Domanovića 12, 34000 Kragujevac, Serbia

e-mail: aleksandar.milenkovic@pmf.kg.ac.rs

Miloš Pavković
Singidunum University, Danijelova 32, 11000 Belgrade, Serbia

e-mail: mpavkovic@singidunum.ac.rs

Abstract. Student collaboration is increasingly emphasized in modernized informatics curricula to
achieve competency-based learning outcomes. This evolution challenges the traditional individualistic ap-
proach in education and requires a revision of assessment practices and feedback to ensure constructive
alignment. Considering that project collaboration is particularly emphasized in the field of informatics,
significantly affecting later work in industry, it is crucial for students to become familiar with collaborative
work during their studies and learn to give and to respond suggestions adequately.

In this study, students initially worked individually on various projects applying basic object-oriented
programming concepts in C++. Following this, they were divided into groups of three, where each member
reviewed and provided feedback on two projects, encouraging a collaborative learning environment. This
setting has proven to provide valuable formative feedback on professional behavior and programming skills
in C++, while also presenting the challenge of understanding "foreign code".

Even though 64% of students were new to commenting on other’s work and providing suggestions, a
remarkable 88% of them later made corrections to their work based on the received feedback. Providing
formative peer feedback early and often supports the growth of crucial competencies in informatics edu-
cation, like self-regulated learning essential for teamwork.

Keywords: peer feedback; object-oriented programming; education; foreign code analysis.
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One-to-one mapping as a key factor in understanding the cardinality of sets among
engineering students.

Miloš Vučić
Faculty of Mechanical Engineering, University of Belgrade

e-mail: mvucic@mas.bg.ac.rs

Abstract. The use of different task formats (related to the same concept) has proven to be a good
strategy for eliciting cognitive conflicts and opportunities for deeper analysis of responses. Through its
application, we attempted to explore how engineering students deal with tasks related to the concept of
set cardinality. The study involved 269 students from two universities: the University of Belgrade and the
University of Novi Sad. By analyzing students’ responses, we discovered the most common misconceptions
in solving such tasks and why understanding the concept of functions (one-to-one mappings) played a
crucial role. The results of this research indicate the need for a thorough treatment of the concept of
functions in elementary and high school, as understanding this concept serves as a crucial foundation for
further acquisition of more complex mathematical concepts.

Keywords: cardinality of sets;one-to-one mapping; misconception; engineering students;
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Learning Mathematics Using Chatbots

D- ord-e M. Kadijević
Institute for Educational Research, Dobrinjska 11//III, 11000 Belgrade

e-mail: djkadijevic@ipi.ac.rs

Abstract. AI-based applications named Chatbots could be used in education to arrange personalized
learning activities and provide time-saving teaching supports (e.g., [ 1]). Their users interact with them
in the following way: the user asks a Chatbot questions and clarifications and receives from it human-
like answers and suggestions. Focusing on specific aspects of mathematical, statistical, and computational
thinking [ 2, 3, 4], this contribution examined how Chatbots could be used to support the learning of
mathematics. It was found that when prompted with clear and specific instructions, the applied Chatbot
could solve a variety of tasks (e.g., analyze given graphs in statistical terms, solve a geometry task that
connects the elements of an isosceles triangle, explain how to calculate the square root of a number
using approximations). The examination showed that, in general, Chatbots can solve problems in steps
(demonstrate decomposition & algorithmization), derive a common pattern from concrete examples (act as
if abstracting & generalizing), or explain how to outsource certain computations to computer programs (give
algorithmization & automation). However, some solutions may be too general, just partial, or even wrong,
requiring the submission of carefully crafted additional prompts – a challenging task for most students.
It is thus important to examine the influence of this novel kind of learning on students’ achievement in
mathematics and their self-confidence in learning it (e.g., [ 5]).

Keywords: Chatbot; learning; mathematics.
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Using GeoGebra for Enhanced Visualization of Economic Functions

Aleksandar Milenković
University of Kragujevac, Faculty of Science, Radoja Domanovića 12, 34000 Kragujevac, Serbia

e-mail: aleksandar.milenkovic@pmf.kg.ac.rs

Nemanja Vučićević
University of Kragujevac, Faculty of Science, Radoja Domanovića 12, 34000 Kragujevac, Serbia

e-mail: nemanja.vucicevic@pmf.kg.ac.rs

Abstract. For years, GeoGebra has been established as a powerful tool for learning topics related
to functions. Numerous studies have proposed the implementation of calculus teaching using GeoGebra
effectively, along with the effects of such teaching on students’ achievements and motivation. Over the
years, we have observed that students enrolled in the Introduction to Financial Mathematics course fail
to recognize the connection between the properties of real functions they explored during their previous
mathematical education and the concepts of economic functions, where significant number of problems are
solved using the appropriate properties of linear, quadratic, and other polynomial functions. In line with
this observation, a methodological approach was devised based on the use of the GeoGebra software package
for visualizing economic functions, aiming to help students apply their previously acquired mathematical
knowledge more successfully and efficiently in solving specific problems related to economic functions.
Research results indicate that students have made noticeable progress in applying knowledge related to
determining zeros, signs, monotonicity, extreme values of functions, etc., in the context of solving concrete
problems related to economic functions. In this way, students have not only reinforced their existing
knowledge but have also become proficient in interpreting it in the given context.

Keywords: GeoGebra; visualization; economic functions; properties of a function.
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