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XV Cpucku maremaruyku kourpec, beorpan, Cpbuja

IlomroBanu yuecnunu u roctu Kourpeca, nparu koJjiere m
npujaTess MaTeMaTUKe,

Ca BesmkuM 3a700BOJHCTBOM U IMOHOCOM mpencraBmamo 15. Cpucku mare-
MaTUYKA KOHI'DEC, HAUWOHAJHU CKyn ca MebhyHapomauMm yduemheMm, Koju
ce onp:kaBa y HameM mpeigenoMm rpaxny DBeorpany, ox 19. mo 22. jyna
2024. rommue, y opranmsanuju MaremMaTwmdror (arxyiarera, Y HUBEP3UTETA
y Beorpamy u IlpymrBa maremarmuapa Cpbuje, y capanmu ca OpojHUM
HAYYHO-UCTPAKUBAYKAM OPraHU3alNjaMa IPUPOTHO-MATEMATUYKE I'PYIIAIN]e
u3 mese Cpbuje.

Osaj Komrpec mpencraBma He caMO TJIABHM HAYYHUA CKyIn y obigacTu
MaTeMaTUKe Yy HAIIO] 3eMJbu OBe roauHe, Beh m jeman m3y3eran norabaj
Ha MeDhyHapoOmHO] HAYYHO] CIleHU Y ODJIACTU MATEMAaTUYKUX U PAUYHAPCKUX
mayka. OBzme cMo ma 6mcMo oOoraTu/IM HaIlle 3Hakhe, Pa3MEHUIU uieje, CTBO-
pUIM IJIONHE capaliheé W MapTHEPCTBA U OCHAKUIU HAYYHU MOIMJIANAK Y
OBUM HAyYHUM OOJaCTUMA.

sRKemumo na n3pasmumo cBojy nyOOKy 3axBajHOCT MuHMCTaApCTBY IpOCBETE,
ka0 1 MuHHCTApPCTBY HAyKe, TEXHOJOMKOr pa3Boja u mHOBanuja PemyOiauke
Cpbuje, komnanujama Temxerkom Cpbuja, Banka Intesa u DataArt uuja je mo-
IpIKa Owmiaa on M3y3eTHOT 3Hadaja 3a yCIENIHO OpPraHu30Bame OBOT KoH-
rpeca. be3 muxoBe moapiike, OMIIO BeOMa TEIIKO PEAJIU30BATU OBAKO BEJIUKU
HAYYHU CKYII.

Ha oBom Kourpecy, Mmu cMo cBU jeqHaku - u3 pa3jWduTUX OeJOBa CBETA,
ca pa3JIUYUTUM MCKYCTBUMa U aMOulujaMa, aju ca jeIHUM 3ajeTHUYKUM
IUJbEM - A& JONPUHECEMO HAYYHOM HAIPETKY W Pa3BOjy MaTeMaTUKEe U
pauyHapckux #Hayka y Cpbuju m perouny.

Heka oBu nanu Oyny MCIyH,€HM HOBUM OTKPpUNUMAa, KOHCTPYKTUBHUM Pa3-
MeHaMa HuAeja W pe3yiTaTa, Kao U WMHCIUPATUBHUM HAYYHUM OUCKYCHjaMa.
Reaumo Bam nmpujaran m ycneman 6opaBak y HameMm Beorpany wa 15. Cpn-
CKOM MaTeMaTUYKOM KOHTDECY.

Opraauzanuorau ondoop 15. Cponckor MaTeMaTUUYKOr KOHI'Ppeca

OPTAHN3ATOP

MATO

YHnBep3uTeTy beorpaay
MaTemMaTndkn dakynTeT
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Opranusanuja

CYOPI'AHUN3ATOPU

\\j

1972
[pymrBO MaTeMaTaapa [Ipupomno MmaTeMaTUYIKI
Cpbuje darynTer, Y HUBEP3UTET ¥
Kparyjesmy

[IpuposHO MATEeMATUUYKA MaTeMaTUYK UHCTUTYT
daryarer, YuuBep3urer y Humry CAHY

[IpupogHo-MaTeMaTUYKN
darynTeT, Y HUBEP3UTET ¥
[IpumTuHM ca TpUBpPEMEHUM
cequmrTeM y KOCOBCKO]
Mutposuru
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IIOYACHU OAEO0P
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ITPOT'PAMCEN OABOP

npod¢. np bopbe Kpruuuh
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npod¢. np Hapko MummaxkoBuh

MaremaTnuknu ¢axynrer, YHuBep3urer y Beorpamy

npod¢. np Urop Y wapesuh
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[Ipuponuo maremaTrmukm ¢arynrer, Hwum

npod¢. np laBun Kasaj

IIpuponuo marematmukru daryiarer, Y HuBep3ureT Llpue ['ope,
[Toaropurma

npod¢. np uana Honmmhanua DHexkuh

PakynTer TeXHMYKUX HayKa, Y HUBep3uTeT y llpumruau ca cenumrem
y RocoBckoj MurpoBunu

npod¢. np OmmBepa Muxuh
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KOHI'PEC CY IIOIPsRAJIN

MunuCcTapCcTBO MPOCBETE
MwuHUCTAPCTBO HAYKE, TEXHOJIOMIKOT Pa3BOja M MHOBAIU]A

| BANCA INTESA

% Telekom Srhija

Y DataArt
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Geometry of Harmonic Maps

Vladimir Markovié

Senior Research Fellow at All Souls, Mathematical Institute, University of Ozford
e-mail: markovic@maths.ox.ac.uk

Abstract. Harmonic maps between manifolds play a prominent role in geometry. In the finite volume
they can be constructed as limits of heat flows. In this talk I will consider the non-compact case where
the heat flow methods do not work so well. I will state and discuss basic existence and uniqueness results

including the recent solution of the Schoen conjecture.

History of the Constraint Satisfaction Problem: Motivation, Techniques, Solution
and Beyond

Petar Markovié

Department of Mathematics and Informatics, Faculty of Science, University of Novi Sad
e-mail: pera@dmi.uns.ac.rs

Abstract. I will start by reviewing the basic premises of the Descriptive Complexity (1980s) which
led to the formulations of the Constraint Satisfaction Problem and the Dichotomy Conjecture on its
complexity. Further, I will describe the methods which were developed in 2000s and 2010s, in various areas
of mathematics, to resolve that conjecture. Next I will give the basic ideas used in the two proofs of the
Dichotomy Conjecture (2017). Finally, the conclusion of the lecture is a review of the three directions of
further research, of which I am personally most interested in the return to Descriptive Complexity, into

more general settings than the Constraint Satisfaction, with the aim at eventually describing the class P.

www.smak15.matf.bg.ac.rs 15
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Supergeometry and supersymmetries: an introduction

Fabio Gavarini

University of Rome “Tor Vergata”
e-mail: gavarini@mat.uniroma2.it

Abstract. A “geometrical space” is a topological space endowed with a sheaf of commutative algebras:
choosing different local models for the space yields different kinds of geometry: (real) differential geometry,
(complex) analytic/holomorphic geometry, and algebraic geometry of schemes. In the last case, the sheaf-
theoretic perspective can also be replaced by functorial point of view, where each space is replaced by
its functor of points. In these geometries, symmetries are encoded into spaces which are also groups: this
yields (real or complex) Lie groups and group-schemes; when restricting to infinitesimal symmetries, one
considers Lie algebras instead.

Supergeometry is the outcome of playing the above game with commutative algebras replaced by com-
mutative superalgebras — i.e., Zo—graded algebras whose homogeneous elements commute or anticommute
with each other. Their symmetries are formalized by the notions of (real or complex) Lie supergroup and
of supergroup-scheme, and infinitesimal symmetries by that of Lie superalgebra.

In this talk I will introduce the basics of supergeometry and its symmetries, mainly stressing their
algebraic version, i.e. the algebraic supergeometry of superschemes and supergroup-schemes, following the
functor of points perspective. Besides introducing the basic definitions, I will focus onto the link between
supergroups and Lie superalgebras, and finally I will present the technique of studying supergroups via
super Harish-Chandra pairs.

Keywords: Superalgebra, Supergeometry, Algebraic Supergroups, Lie Superalgebras.

References

[1] A. Alldridge, M. Laubinger, Infinite-dimensional supermanifolds over arbitrary base fields, Forum
Math., 2012, 24, 565 - 60S.

[2] F. A. Berezin, “Introduction to superanalysis”, Edited by A. A. Kirillov, D. Reidel Publishing Com-
pany, Dordrecht (Holland), 1987.

[3] H. Boseck, Affine Lie supergroups, Math. Nachr., 1989, 143, 303 - 327.

[4] C. Carmeli, L. Caston, R. Fioresi, “Mathematical Foundations of Supersymmetry (with an appendix
by I. Dimitrov)”, EMS Series of Lectures in Mathematics 15, European Math. Soc., Ziirich, 2011.

[5] P. Deligne, J. Morgan, “Notes on supersymmetry (following J. Bernstein)”, in: Quantum fields and
strings: a course for mathematicians, Vol. 1, 2 (Princeton, NJ, 1996,/1997), 41-97, Amer. Math. Soc.,
Providence, RI, 1999.

[6] R. Fioresi, F. Gavarini, Chevalley Supergroups, Memoirs AMS, 2012, 215, no. 1014.

[7] R. Fioresi, F. Gavarini, Real forms of complex Lie superalgebras and supergroups, Comm. Math.
Physics, 2023, 397, 937 - 965.

[8] F. Gavarini, Algebraic supergroups of Cartan type, Forum Math., 2014, 26, 1473 - 1564.

[9] F. Gavarini, Corrigendum to “Algebraic supergroups of Cartan type”, Forum Math., 2016, 28, 1005 -
1009.

[10] F. Gavarini, Global splittings and super Harish-Chandra pairs for affine supergroups, Transactions
Amer. Math. Soc., 2016, 368, 3973 - 4026.

[11] F. Gavarini, A new equivalence between super Harish-Chandra pairs and Lie supergroups, Pacific J.
Maith., 2020, 306, 451 - 485.

[12] V. G. Kac, Lie superalgebras, Adv. in Math., 1977, 26, 8 - 96.

[13] D. A. Leites, Introduction to the theory of supermanifolds, Russian Math. Surveys, 1980, 35, 1 - 64.

[14] A. Masuoka, Harish-Chandra pairs for algebraic affine supergroup schemes over an arbitrary field,
Transform. Groups, 2012, 17, 1085 - 1121.

[15] A. Masuoka, T. Shibata Algebraic supergroups and Harish-Chandra pairs over a commutative ring,
Transactions Amer. Math. Soc., 2017, 369, 3343 - 3481.

[16] V. S. Varadarajan, “Supersymmetry for mathematicians: an introduction”, Courant Lecture Notes 1,
AMS Editor, 2004.

16 www.smak15.matf.bg.ac.rs



XV Cpucku maremaruyku kourpec, beorpan, Cpbuja

Existence of Large-Data Global Weak Solutions to Navier—Stokes—Fokker—Planck
Systems

Endre Siili

Mathematical Institute, University of Oxzford,
Andrew Wiles Building, Woodstock Road, Oxford OX2 6GG, United Kingdom
e-mail: endre.suli@maths.ox.ac.uk

Abstract. Since the pioneering contributions of Werner Kuhn, Hans Kramers and other scientists
working at the interface of polymer chemistry and statistical physics during the first half of the twentieth
century, kinetic models have been widely and successfully used to describe the motion of polymeric fluids.
The aim of this talk is to review recent results concerning the mathematical analysis of these models. We
focus in particular on questions of existence of large-data global-in-time weak solutions to kinetic models
of dilute polymeric fluids — a system of nonlinear partial differential equations involving the compressible
or incompressible Navier—Stokes equations, modelling the evolution of the velocity field and the pressure,
coupled to the Fokker—Planck equation satisfied by the probability density function for the random con-
figuration vectors associated with the directions of the backbones of noninteracting polymer molecules
suspended in a Newtonian fluid. We shall highlight some nontrivial open problems related to the break-
down of weak compactness in L' and the appearance of the divergence of a symmetric positive semi-definite
matrix-valued defect measure in the balance of linear momentum equation in the Navier—Stokes system.
The key results discussed in the talk may be found in [ 1]-] 5].

Keywords: Navier—Stokes—Fokker—Planck systems; global weak solutions; polymeric fluids.

References
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[5] T.Dgbiec and E. Siili. On a class of generalised solutions to the kinetic Hookean dumbbell model for in-
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Geometry of Harmonic Maps

Andrei Vesnin

Sobolev Institute of Mathematics and Tomsk State University
e-mail: andrei.vesnin@gmail.com

Abstract. Volume is a useful invariant of a hyperbolic 3-manifold which can be estimated from its
polyhedral decomposition. By Belletti theorem [1] the exact upper bound for the volumes of generalized
hyperbolic polyhedra with the same one-dimensional skeleton G equals the volume of an ideal right-angled
hyperbolic polyhedron whose one-dimensional skeleton is the medial graph for G. We will discuss the volume
bounds obtained in [2] for ideal right-angled hyperbolic polyhedra and in [3] for generalized hyperbolic
polyhedra. The bounds depend linearly of the number of edges of a polyhedron. As an application we
get the new upper bound for volumes of hyperbolic complements of links with more than eight twists in

diagrams.

References

[1] G. Belletti The maximum volume of hyperbolic polyhedra. Trans. Amer. Math. Soc. 2021, 374, 1125-
1153.
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Sbornik: Mathematics, 2023, 214(2), 148-165.

[3] A. Vesnin, A. Egorov. Upper bounds for volumes of generalized hyperbolic polyhedra and hyperbolic
links. Siberian Mathematical Journal, 2024, 65(3), 469-488.

18 www.smak15.matf.bg.ac.rs



XV Cpucku maremaruyku kourpec, beorpan, Cpbuja

Hélder and Lipschitz continuity of mapping in the Sobolev classes W17 (G)

Miodrag Mateljevié

University of Belgrade, Faculty of Mathematics and Serbian Academy of Sciences and Arts
e-mail: miodrag@matf.bg.ac.rs

Abstract. In this research among the other things, we combine the method of the flattering the
boundary with the Sobolev-Riesz embeddings theorem. Our results include domains which are locally
good Greenian and C' domains.

In particular we study the Dirichlet problem for generalized harmonic mappings and boundary be-
haviour of partial derivatives for solutions to certain Laplacian-gradient inequalities and generalized har-
monic mappings.

Keywords: The Sobolev-Riesz embeddings theorem; Laplacian-gradient inequalities

References

[1] M. Mateljevié. Boundary behaviour of partial derivatives for solutions to certain Laplacian-gradient
inequalities and spatial qc maps. Springer Proceedings in Mathematics € Statistics, 2021, 357, p. 393-
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On Random Environment Integer-valued Autoregressive Models

Aleksandar Nastié

University of Nis, Faculty of Sciences and Mathematics, Visegradska 33, Nis
e-mail: aleksandar.nastic@pmf.edu.rs

Abstract. The main problem in modeling counting data is naturally defining the most suitable time
series model, which would be the best possible representation of the observed real-life data. The data which
we are interested are obtained by registering the correlated integer values of the particular phenomenon,
or simply as a result of counting realizations of some phenomena, or even the elements of an observed
population, in successive time intervals. The aforementioned data can be found in many fields of natural
sciences and humanities including medicine, economics, finance, telecommunications, criminology, sports,
etc. In order to model such data as well as possible, mathematicians used at first autoregressive time series
with continuous marginal distributions. This gave acceptable results only when it comes to phenomena
that generate extremely high realization values, where round-off error is negligible. On the other hand, in
situations when observations registered over time are not that high (lower than 10°®), previously mentioned
models cannot be used successfully. Slightly better results were achieved by involving Markov chains into
the modeling procedure, as described in [ 1]. Unusually big number of parameters was the key obstacle to
this idea. Few years later, several Discrete Autoregressive models of Moving Average (DARMA), based
on well known ARM A models, were defined in [ 2]. These models gave even better results. Finally, in
mid 1980s, | 3] and [ 4] introduced in different ways an Integer-valued Autoregressive model of order 1
(INAR(1)), based on the binomial thinning operator. This newly introduced model gave a foundation to
the modern and contemporary approach in modeling the counting data sets.

However, INAR models based on binomial thinning were not suitable for describing, for example,
population sizes through time in situations where it can change not only by their members disappearance,
but also through their interactions or reproductions. With the aim od this kind model improvement, a
significant breakthrough was made in [ 5] with the introduction of the negative binomial thinning operator
and the so-called NGIN AR model with a geometric marginal distribution. After that, a large number of
variations and generalizations of I N AR models, in terms of their orders, thinning operators, dimensionality
and marginal distributions, have emerged in order to achieve more adequate fitting of counting data of
various kinds.

All mentioned models were stationary. But very often certain non-stationary characteristics have
appeared in the counting processes. So, that led us to our second milestone in INAR modeling, which was
introducing a completely new concept of model construction by incorporating in data-fitting the effects of
environment in which the counting process exists and which can change through time. We achieved this
in [ 6] by introducing additional (controlling) process (Markov chain) which by taking different values of
its random variables, so-called random states, in different periods of time, affects counting model values,
by directly defining its marginal distribution parameter values. Later, in [ 7] and [ 8] some generalizations
in respect of controlling the order of the model and correlation parameter value were presented using the
same random state controlling process which was obtained by some process values clustering algorithms.
Besides using well-known k-means clustering algorithm we have also tried to introduce more advanced
clustering mechanism for our specific non-stationary INAR values, which was presented in [ 9] and [ 10].
Some bivariate random environment INAR models, also driven by a single process of random states, were
successfully introduced in [ 11]

However, we have now realized that although the parameter values of the marginal distribution are
intuitively driven by the random process defined by clustering the counting process values, that might not
be the case with correlation parameter «. Namely, autocorrelation of the process should also depend on

environment conditions, but not necessarily in the same way as marginals. Therefore, we introduce a new

model with two control processes, where a separate and independent Markov process will determine the

correlation in the model. It is also obtained by clustering, but not the values of the INAR process, but its
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sample autocorrelation functions. On this matter we have results given in [ 12].

(1]
2]

3l
4]
5]
(6]
(7]
(8]
(9

[10]

[11]

[12]

Keywords: Random environment; INAR; RrNGINAR; negative binomial thinning; counting process.
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Ancrpaxr. Ilpencrasmamo resesy u pa3Boj reOMETPUjCKAX UAEja U TEXHUKA Y U3yUaBaby MOKPET-
HUX CHUHI'yJapuTeTa OOMUYHUX anarebapcikux mupepeHnujannnx jeqadmua. Tako ZOmIa3mMo OO PamoBa
Muxanaa Ilerposuha Asaca u cmenujasHo, OO HEroBUX INeOMETPHUjCKUX HMIeja U3ParkeHUX ImoMohy
MOJIMTOHAJIHOT MeTona ca kpaja 19. Beka. Cinyan, Maga pas3induT NPUCTYI Ce IOjaBUO, UCIOCTABILA
ce, u ko1 Xeupuja Pajua. [Tlonuronanuu meron ce moxke BuaeTu kao yonmremne Hbyrua-ITuzoosBor merona
npereTor ca aarebapckux Ha mudepennujanane jennauntne. OBe Asacose uueje, nako (yHIAMEHTAJHE,
ocraJie Cy HOTIYHO HempuMmehene y caBpeMeHO] nuTepaTypu, a M Ipe Tora. 3aTO YKa3yjeMo Ha HU-
XOB 3HaUaj ca TayKe [VIEAUIITA MOIEPHE MaTeMaTWKe. Y jeNHO najeMo ¥ Kpahu mperien HajHOBUjUX
pe3yJaTaTra CPICKUX MaTeMaTudyapa O MeOMETPHjCKUM aCIeKTVMa AHAJUTUYKE Teopuje OuepeHIynja-
HUX jeTHAYNHA.

Koyune peum: IlerpoBuhieBu u PajHoBU MNOJIUrOHU; HOKPETHU CUHTYyJdapuTeTu; llerHmeBeoBe

jemHauuHe.
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Heku cycpeTu BemTauke MHTEJUTEHIIjEe, OJIOKUEjH TEXHOJIOTUjE U
MaTeMaTUuKe

Muoapar Muxamesuh

Mamemamuuru uncmumym Cpncke axademuje HAYKQ U YMEMHOCTNU
e-mail: miodragm@mi.sanu.ac.rs

Axncrpakr. Pasmarpajy ce meke maycrparuBae mehycobHe Bese uzMehy HOBUX aAKTyeJIHUX U HA
MaTeMaTHUIM 3aCHOBAHUX AUCIUIINHA ¥ TPAAWIMOHAJHUX MATEMATHUUYKUX NPUCTYIa aHAJIU3U. 'eHep-
aTUBHA BEIITAYKA WHTEJIWTEHNUja je OTBOPUJIA HOBO NOIJIAB/bE Y CBEYKYIHOM Da3BOjy, a OJIOKYEjH
TEXHOJIOTHja Ce MOjaBJbyje Kao jedaH O OUTHUX OCJOHANA. Y Ka3yje ce Ha 3HAauvaj KOjUu UMA]y BEJIUKE
0a3e momaTaka ¥ Ha 3HAYAj BEPONOCTOJHOCTU Kao U HOTPedy 3amTure IpUBATHOCTU U 00e36ebuBame
curyproctu. Ca gpyre crpaHe, MOpDeX YKa3UBama HA MaTeMaTUYKE OCHOBE UM MAIIWHCKOD yYema U
TEeXHUKa 3a OJIOKYEejH TEHOJIOTUjy, WIYCTPATHMBHO Ce yKa3yje Ha IpUMeHe TPaIUNUOHAJHUX MaTeM-

ATUYKNX METOJa 3a OCTBapUBalhe jKEJLEHUX KapaKTEePUCTUKA.

Proofs-as-programs: from logic to Al

Silvia Ghilezan

University of Novi Sad, Mathematical Institute of the Serbian Academy of Sciences and Arts
e-mail: gsilvia@Quns.ac.rs

Abstract. The proofs-as-programs correspondence is a foundational concept that connects logic and
computation. The origins of this idea can be traced back to the relationship between logic and lambda
calculus. Extensions to various logical and computational systems highlights its versatility and broad
applicability across different domains of mathematics and computer science. It is at the heart of formal
verification of mathematical proofs.

In this talk, we give an overview of this correspondence in different frameworks of computation and
communication in distributed systems. The focus is on recent results which lead to safe orchestrations of
federated (machine) learning algorithms.

www.smak15.matf.bg.ac.rs 23



[Inenapua npenapama

O 3Hauajy MaTeMaTHKe y CHUCTEMY OOpaBe3HOr OoOpa3oBama

Anerkcannap T. Jlunkoscku

Ynusepsumem y Beoepady - Mamemamuuru gaxyamem, Cmydewmcxu mpe 16, 11000 Beozpad, Penybauxa Cpbuja
e-mail: aleksandar.lipkovski@matf.bg.ac.rs

Ancrpakr. Y uctopuju /by ACKe MUBUIN3AIM]€ PA3BO] MATEMATUKE TIOUUELE O PelllaBarha TPaKTUd-
HUX ;KMBOTHUX 3a/aTaka: Opojame cTana, TPrOBUHA, U3TPalibha CKIOHUMITA, POOHA pasMena. Mebhyrum,
on Bpemena Antmuke ['puke cse mo mamac, Beh mpexo 2500 roauma, MareMaTuka 3ay3uMa MOCEOHO
MeCTO y Pa3Bojy Jbynacke mucau. [lopen npuMemeHnX 3aJaTaka, OHA HEMIPEKUIHO YUYECTBYje y Pa3Bojy
MUCAOHUX MPOIECa JbYACKOr TOjeqUHIIA U MEeJOr YOBEYAHCTBA. Y CABPEMEHO H00a, HACTABA MATEM-
aTUKe je He3a00uiaa3Hu cTyO OCIOHAIl OmImTer 06aBe3HOT 00pa30Bama KOjU CIY:KU IIPe CBEera 3a pa3Boj
JIOTUYKOr Munbewha. Martemaruky Tpeba yuntu Beh u 36or tora mro ona cpebyje mucau, kaxky na je
y HACTABHOM IUIAHY KAJETCKE BOjJHE IIKOJIE HAIMCAO PYCKM IpUpommbak Muxamn JIOMOHOCOB

I'nmobanuctryke TeHmeHNMje KOHTPOJIE MOHAIIAKA JbYACKE HOIYyJallije HPEKO MacMeIuja, Koje
KApPaKTePUILy IOCTMOIAEPHO 3alanHO APYIITBO W KOje je y CBOM pemer-meny ,,1984” npemBumeo en-
rneckn nucan 1. Opses, Teske na orpasmvye MON JIOTMYHOT JbYACKOT PAa3MUILBaka U MOHAMABA. Kao
NpUPOIHA MOCJIEIUIa TOra, CBE je jada Tekma Baagajyhe kiace na CMamU 3HAYA] M HUBO 3HABKHA
MaTeMaTUKe y IIKOJM, IOX PA3HOPA3HUM M3TOBOPWMA: IPATMATUYHUM, WHKIY3UBHUAM, €TaJIUTAPHUM.
Osa onacuoct ce Beh Bume on mBamecer roauHa MHTEH3UBHO HAIBUja U HA CPICKUM OOPa30BAHEM.
A pesynrar he cByna OuTy, Kako je IpUMETHO PYCKM MaremMarudap Biaamuvup ApHOombm, Takas ga he
OpomoBU TOHYTH U HEOOIEpU ropeTH**, MoctoBu ce Beh pyre.

Y oBoM mpenaBamy he OUTU U3JIOKEHO BUIIE IPUMEPa 3HAHKA MAaTEMATUKE Y INKOJU HEKAI U CA,
NPUMePU HOTPEMHNX METOIUUYKUX NPUCTYNa y OCHOBHOj M CPENIOj IIKOJW W IPENI03U mobOJsbpIIama,
Y3 MHOIO mUTaTa YMHUX MaTemarudapa. EBo jemnor 3a kpaj. Kako je jemmom perao Xepman Baju,
0aBJbelhe MATEMATUKOM je KPEaTHUBHA M OPUTMHAJIHA YOBEKOBA AKTUBHOCT, IONYT je3UKa WUJIN MY3UKE,
KOja MPKOCU IIYHO] O00jEeKTUBHO] paHI/IOHaJ'II/IBaLII/IjI/I*** . N 3ato AU mukana mehe norkaszatu Pumanosy
XUTIOTE3Y.

¥ MareMaTuKy yie 3aTeM YUMTL HaJZ0, 9TO OHA yM B NODANOK mpusomutr.” OBa cCe M3DeKa NPUIKCYje
JloMoOHOCOBY, anu 3a TO HeMa IUCAHE IOTBPIE.

... UTO HE TOJLKO ATOMOXOALI OyAyT TOHYTL, HO M BCE OCTAJLHOE, HE TOJLKO Gammba Gymer
ropern, HO u ocrambHoe Ttoke” (B.M. Apmomnam: IlyremecrBume B xaoce, Hayka wu susen  12:2000,
https://www.nkj.ru/archive/articles/5174/)

** "Mathematizing" may well be a creative activity of man, like language or music, of primary originality,
whose historical decisions defy complete objective rationalization."(Hermann Weyl, Levels of Infinity: Selected Writ-

ings on Mathematics and Philosophy)
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Semi-Fredholm theory in unital C'*-algebras

Stefan Ivkovié

Mathematical Institute of the Serbian Academy of Sciences and Arts
p.p. 367, Kneza Mihaila 36, 11000 Beograd, Serbia
e-mail: stefan.iv10Qoutlook.com

Abstract. Axiomatic (semi-)Fredholm theory in unital C*-algebras has been established by Keckié¢
and Lazovi¢ in [ 8] and by Ivkovi¢ in [ 5]. In this talk, we shall present a new approach to this theory
given in [ 6] and [ 7]. Next, we shall extend Fredholm theory in von Neumann algebras established by
Breuer in [ 1] and [ 2| to spectral Fredholm theory in von Neumann algebras. We shall consider upper
triangular operator matrices with coefficients in a von Neumann algebra and give the relationship between
the generalized essential spectra (in the sense of Breuer) of such matrices and of their diagonal entries,
thus generalizing in this setting the result by Dordevi¢ in | 3]. Finally, we shall introduce the concept of
generalized Browder operators in von Neumann algebras and provide a characterization of these operators
in terms of the property of being generalized Fredholm in the sense of Breuer and having 0 as an isolated
point of the spectrum. Also, we shall illustrate this result by concrete examples. This is a continuation of
the research in [ 4].

Keywords: Fredholm operator, Browder operator, von Neumann algebra, essential spectra
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Norm of the Hilbert matrix operator on positively indexed weighted Bergman
spaces

Dusica Dmitrovié

University of Belgrade, Faculty of Mathematics, Studentski trg 16, Belgrade, Serbia
e-mail: dusica.dmitrovic@matf.bg.ac.rs

Boban Karapetrovié
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Abstract. It is known [ 6] that the Hilbert matrix is bounded on weighted Bergman spaces A%, if and
(a+2)w
P
Bergman spaces, when « > 0, the conjecture is confirmed [ 8] for ag < p, where ag is a unique zero of the
function @, (z) = 222 — (4(a + 2) + 1)z 4+ 2v/a + 2/z + « + 2 on the interval (a + 2,2(a + 2)). We prove,

that if o > 0, then the conjecture is valid for all

3a 3a 2 a+2
o= o= - < p.
: +2+\/(4 +2) —<»p

only if 1 < o+ 2 < p with the conjectured norm 7/ sin . In the case of positively indexed weighted

This considerably improves the best previously known result for all a > %

Keywords: Hilbert matrix, operator norm, weighted Bergman spaces.
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Noncommutative Schwarz lemma and Pick—Julia theorems for generalized
derivations in Q, Q* and Schatten-von Neumann ideals of compact operators

Danko R. Jocié
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e-mail: danko.jocic@matf.bg.ac.rs

Abstract. If a derivation AX — X B is a trace class (C1(#)) operator for some bounded operator
X € B(H) acting on a Hilbert space H, then for all holomorphic function f, which maps the open unit
disc D C C into itself, we have shown that f(A)X — X f(B) € C1(H) and

VT —A*A(f(A)X — X f(B))VI - BB*||,
< VT = FA)F(A) (AX = XBWT = f(B)F(B)*|,-

If C and D are strictly accretive operators on H and at least one of them is normal, such that CX—-XD €
Cu(H) for some X € B(H) and Q" symmetrically norming function ¥, then for all holomorphic functions
h, mapping the open right half (complex) plane into itself, we have h(C)X — X h(D) € Cy(H), satisfying

|(C*+C)*(h(C)X — X (D)) (D + D),

< |[(W(C)*+ h(C)) 2 (CX =X D) (W(D) + h(D)*)"*

-

Ifl1<qgnrs<+ooandp>2 A B, X € B(H) and A, B are strict contractions satisfying the condition
AX —XB € Cs(H), then for all holomorphic functions g, mapping the open unit disc into the open right
half (complex) plane, g(A)X—Xg(B) € Cs(H), satisfying Schatten-von Neumann s-norms (|| - ||s) inequality

1
2

[l (gay + g() Hr = Ay 3[i (1 - a4 B(g(A)X ~ X g(8B)
x (1= BB")|(9(B) + 9(B)")

<[|lacay + g(a)) 21— a4 |

1.1 9

(I- BBz |

D=
[N

(I — AA™) 2(AX —XB)

Y

1
r

S

x (I - B*B)"#|(g(B) + g(B)*)*(I — B'B)?|

Various other variants of some new Pick—Julia type norm and operator inequalities are also obtained, they
complement the well-known Pick—Julia theorems for operators, obtained by Ky Fan, Ando and others, and
they also extend these theorems to the field of norm ideals of compact operators, including Q, Q* and
Schatten—von Neumann ideals.

Keywords: Norm inequalities; Schatten—von Neumann ideals; Q and Q* norms
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Global regularity of Weyl pseudo-differential operators with radial symbols in each
phase-space variable
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Bojan Prangoski

Department of Mathematics, Faculty of Mechanical Engineering, Ss. Cyril and Methodius University in Skopje,
Karpos II bb, 1000 Skopje, Macedonia
e-mail: bprangoski@yahoo.com

Abstract. We analyse a class of pseudo-differential operators in the Gelfand-Shilov setting whose Weyl

symbols are radial in each phase-space variable separately. Namely, the symbols are of the form
ap(x,€) := a(227 + 267, 225 + 263),

where a is a measurable function on R% := {r € R%|r; > 0,5 = 1,...,d} and has Gelfand-Shilov
LP-growths. We prove that the action of these pseudo-differential operators on a Gelfand-Shilov ultradis-
tribution f can be given by a series of Hermite functions with coefficients that are explicitly computed
in terms of the Laguerre coefficients of a and the Hermite coefficients of f. As a consequence, we give a
characterisation of the functions a in terms of the growths of their Laguerre coefficients for which the Weyl
quantisation of ay are globally Gelfand-Shilov regular.

Keywords: Pseudo-differential operators with radial symbols, Gelfand-Shilov regularity, Hermite

expansions, Laguerre expansions.
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Shift-invariant subspaces of Sobolev spaces and wave fronts
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Abstract. We proceed with the study of shift-invariant spaces of Sobolev type [ 1, 2| analyzing prod-
ucts of their elements and connections with wave fronts [ 3]. The research was inspired by Hormander’s
description of wave fronts [ 4] and the paper [ 5|. Using the Fourier transform, we investigate the con-
nection between shift-invariant subspaces Vi of Sobolev spaces H*(R?), s € R, and the space of periodic
distributions, and we analyze the product of elements of those spaces using the wave fronts of Sobolev
type. We also give conditions under which the product of two functions from two different shift-invariant
spaces belongs to some shift-invariant space. Also, using the wave front we describe the elements of the
space Vs and the elements of the space of periodic tempered distributions.

This research was supported by the Science Fund of the Republic of Serbia, #GRANT No 2727, Global
and local analysis of operators and distributions - GOALS.

Keywords: shift-invariant spaces; Sobolev spaces; multiplication of distributions; periodic distributions;
wave fronts.
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Abstract. The notion of quasi-contractions was introduced by Lj. B. Ciri¢ [ 2]. The paper [ 2] has been
cited over 700 times up to now. The result on existence and uniqueness of fixed point for quasi-contractions
by Ciri¢ is one of the most general results in the metrical fixed point theory (see [ 1]).

In this talk (paper), we present a short survey of development of theory of quasi-contractive mappings,
their generalizations and applications. Further, using quasi-contractive inequality with the non-linear com-
parison function, we obtain a result on existence and uniqueness of the common fixed point for hybrid pair
of single-valued and multi-valued mapping defined on b-metric spaces. Our result generalizes earlier results
obtained in [ 3| and [ 4]. Also, we give the application of the obtained results to dynamic systems.

Let (Y,d, s) be a b-metric space and B(Y') is a family of all nonempty bounded subsets of Y. We will
use the function § : B(Y) x B(Y) — [0,+00) defined by §(A, B) = sup{d(a,b) : a € A,b € B}, for any
A,B e B(Y).

Theorem 1. Let (Y,d, s) be a b-metric space, F' : X — B(Y) and ¢ : X — X be multi-valued and single-
valued functions respectively. Suppose that F(X) C g(X), g(X) is a complete subspace of Y and there
exists the function ¢ : [0, +00) — [0, +00) such that:

(a) ¢(0) =0, @(r) < r for all r > 0,

(b) limg— 100 (x — @(x)) = 400, limy_,p(t) < r for any r > 0,

(¢) 8(F"x, F'y) < s - pmax{d(g'x, g'y),6(g'x, F'z),(g"y, F'y)},

for all 4,7,k,1 € {0,...,n} and for all z,y € X.

Then F' and g have the unique coincidence point z € Y such that z is the limit of every Jungck
sequence defined by F' and g. Moreover, if X =Y and F' and g are weakly compatible, then z is the unique

common strict fixed point of F' and g.

Keywords: fixed point; quasi-contractions; b-metric space.
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Analysis of parabolic equations with singular potentials in Kondratiev spaces of
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Abstract. Stochastic parabolic equations with singular potentials arise in probabilistic modelling
of uncertainty in engineering and science, for example in structural mechanics, material science, fluid
dynamics, climate and turbulence modelling. In this talk we consider stochastic parabolic problems of the
form

QWU —-LU+Q-U=F, Ulo=0G, (1)

where the potential @, the driving force I’ and the initial data G are generalized stochastic processes of
Kondratiev type. The focus is mainly on all possible singular behaviors of potential @, either in space and
time or in random component, but also in investigation possibilities to allow for irregular coefficients in
the operator £. The product - in above equation we interpret as the Wick product, which is introduced
to give sense to the multiplication of two generalized stochastic processes, see [ 1]. In the analysis of these
problems we combine the chaos expansion method from the white noise analysis and the concept of very
weak solutions. The notion of a stochastic very weak solution of (1) is introduced and existence of unique
very weak solution is proved. The questions on consistency of the stochastic very weak solutions with
classical solutions are discussed.

The talk is based on recent papers [ 1, 2] and ongoing research.

Keywords: parabolic equations; stochastic parabolic equations; singular potentials; chaos expansions;

very weak solutions.
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Abstract. In this talk, we will present some fixed point results obtained for Menger PM-spaces by
employing some weaker forms of continuity and a new type of (¢ — d) condition. Additionally, we will
present the result that establishes that the completeness of the space is equivalent to the fixed point
property for a larger class of mappings. On the other hand, we will show that if a pair of self-mappings
that satisfy some weaker forms of commutativity defined on Menger PM spaces with a nonlinear contractive
condition possess a unique common fixed point, then these mappings are orbitally continuous. Also, we
will investigate whether the converse of these results holds.

Keywords: Menger PM-spaces; fixed point; common fixed point.
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Abstract. Motivated by theoretical considerations of the famous double-slit experiment, we investigate
notions of solutions to initial value problems for the Schrédinger equation containing irregular potentials
and coefficients. Following the results of | 1], establishing well-posedness in Colombeau generalized function
spaces, we construct the very weak solution (established in [ 2]) for the problem, discuss questions of
uniqueness and its consistency with weak solutions for regular coefficients.

Finally, we compare different concepts of solutions both using fundamental idea of regularising irregular
coefficients and data and conclude that a combination of the methods has considerable advantages.

Results are obtained in collaboration with Christian Spreitzer from University of Vienna.

Keywords: generalized functions; regularization methods; Schrédinger equation
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Abstract. For weakly” integrable operator valued function &/: Q — B(H) we investigate whether
its integral belongs to the appropriate ideal of compact operators. Furthermore, for a mononormalizing
symmetric norming function ® and Cq(H)-valued weakly™ measurable function <7, if for every pair of
orthonormal systems (en)nen and (fn)nen it holds that

/Q B((ren, fu) me)du(t) < +oo,

we show that o is Pettis Cq(H)-integrable. Additionally, in the case where u(2) < 400, we provide
necessary and sufficient conditions for the €oo (#H)-valued function & to be Pettis integrable.

Keywords: Integration in Banach spaces; Operator valued functions; Symmetrically norming functions;
Ideals of compact operators.
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Abstract. The iterative sequence {z,} with arbitrary zo converges (under the assumptions in Banachs
Fixed Point Theorem [ 1]) to the unique fixed point x* of contraction T. Error estimates are the prior
estimate n

d(zn,z") < ﬁd(xo,xl),
and the posterior estimate

« A
d(zn,z") < ﬁd(xn,hxn).

Since the introduction of quasi b-metric spaces by M. H. Shah, N. Hussain | 4], many standard results have
been generalized and elaborated in some papers. Recently, Z. Mitrovié¢, I. Arandelovié¢, V. Misi¢, H. Aydi
and B. Samet [ 3] (see also [ 2]), proved that the sequence {z,} in quasi b-metric space with the contractive
condition

A(Tn+1,Tn) < Ad(Tn, Tr-1),

for all n € N, where A € [0,1) is Cauchy sequence.

In this paper, using the same contractive condition as in [ 3|, we give an estimate of the d(x,,z")
for a sequence {x,} in a quasi b-metric space. In addition, we give another proof for the convergence of a
sequence {z, }. Examples of estimation for Banach’s, Kannan’s, and Reich’s fixed point theorems are given.
Following the same idea, in the second part of talk (paper) we shall introduce notion of the rectangular
quasi b-metric spaces and present estimation in this class of spaces. At the end, we give some open problems
where research can be continued.

Keywords: Cauchy sequence; quasi b-metric spaces; rectangular quasi b-metric spaces.
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Some applications of factorable matrices
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Abstract. Matrix transformations between sequence spaces, whether classical or not, are the subject of
numerous publications. However, it seems that there is still a particular gap. Actually, the characterization
of the matrix class (¢p, £q) for arbitrary p and ¢ (1 < p,q < 00) is still unknown. Among the results related
to some special cases, the results of Grahame Benett [ 1, 2, 3] and Karl-Goswin Grosse-Erdmann [ 4] have
inspired us to think about the mentioned class of matrix transformations. Furthermore, the application of
existing results can go in two directions. Firstly, we can extend the research to new sequence spaces related
to £, (1 < p < 00) and characterize certain matrix class. Further, we can find some new results that treat
some known matrices as factorable.

Keywords: sequence spaces; matrix transformations; factorable matrices; matrix domains of triangle.
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Abstract. Toeplitz operators T, where p is a finite measure, on weighted mixed norm spaces B ?(Q2)
on a smoothly bounded domain © C R" are studied. It is proved that T, is bounded if and only if the
Berezin transform of p is bounded on  if and only if u is a Carleson measure on 2 for the space B ?(Q2).
Analogously, T}, is compact if and only if the Berezin transform of y vanishes on 0f2 if and only if p is a
vanishing Carleson measure on €2 for the space B%9(Q2). The proofs rely on the following: boundedness of
Bergman projection, description of the dual space BL?(Q)* = Bf:i(Q) and density of functions smooth
up to the boundary in BE(2)

The results on Toeplitz operators and these related results are joint work with Ivana Savkovié¢ (Faculty

of Mechanical Engineering, University of Banja Luka).
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Abstract. A matrix A” is a generalized inverse (g-inverse) of a matrix A if AAA = A holds. If A
and B are two matrices of the same order then we say that A is below B under the minus partial order,
A <™ B,if AA~ = BA™ and A~ A = A™ B for some g-inverse A~ of matrix A, [ 3]. If we use some specific
generalized inverses in this definition then we can define specific partial orders such as star, sharp, core and
other partial orders. Let H be an infinite-dimensional Hilbert space and B(H) the algebra of all bounded
linear operators on H. Although the minus and other orders can be extended to B(H) via g-inverses, this
is not the best approach because only the operators with closed range have a generalized inverse. The
minus partial order can be successful extended to B(H) using the projections, [ 6], [ 5]. In this talk we will
discuss a possible way of algebraization of this approach using the annihilators. Our extensions of minus,
star, sharp and core partial orders become partial order relations in the case of Rickart and Rickart star
rings, [ 1], [ 2], [ 4]

Keywords: generalized inverse; partial orders; Rickart ring.
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Some fixed point results for F-contractions
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Abstract. Based on the Banach contraction principle, many mathematicians began to formulate
various contractive conditions under which a fixed point exists. D. Wardowski [ 1] introduced F-contractions
in metric spaces and, therefore, proved a generalization of Banach contraction principle. In following ten
years, Wardowski’s approach, or some of its modifications, have been widely used by many researchers
for obtaining new fixed-point results for single- and multivalued mappings in various kinds of spaces, such
as b-metric spaces, fuzzy metric spaces, etc. In this talk, we present an overview of these investigations,
modified with some improvements, especially regarding the conditions imposed on the function F entering
the contractive condition.

Keywords: F-contraction; fixed point; Banach contraction principle.
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Abstract. In a ring R it is well known that if a,w € R, then aw is also invertible and (aw)™* =

w™ta™t. This property is called the reverse order law. As the reverse order law holds for the classical

inverse, the topic of necessary and sufficient conditions for generalized inverses became very often in the

past decades.

1 1

The similar property, (aw)™ =a~ w™1, is known as the forward order law. Contrary to the reverse

order law, even if a and w are both invertible, the forward order law is not valid in general.

Here we present results for the reverse order law for the (b, ¢)-inverse in a unital ring. An equivalent
condition for this law to hold for the (b, c)-inverse is derived. Furthermore, the forward order law for the
(b, ¢)-inverse in a ring with a unity is introduced for different choices of b and c. Moreover, as corollaries of
obtained results, equivalent conditions for the reverse order law and the forward order law for the inverse

along an element are derived.

Keywords: (b, c)-inverse, Inverse along an element, Reverse order law, Forward order law.
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Derivative estimates for solutions of the (o, 3)-Poisson equation

Jelena Gajic¢

Faculty of Natural Sciences and Mathematics, University of Banja Luka, Mladena Stojanoviéa 2, Banja Luka,
Republic of Srpska
e-mail: jelena.gagic. mm@gmail.com

Abstract. We obtain Schwarz-Pick type inequalities for solutions of the («,)-Poisson equation
L, gu = g, where the function g is given on the unit disc D and « and 3 are complex parameters satisfying
Ra + RB > —1. In paricular, for g = 0, we prove sharp estimate for the Du(0) for («, 8)-harmonic func-
tions v in terms of L? norm of the boundary function and asymptotically sharp estimate of ||Du(z)]||. The
obtained results provide a significant improvement over previous research on the subject. This is work in
progress.

Keywords: («, 8)-harmonic function; (a,3)-Poisson equation; Schwarz lemma; Weighted Green

function.
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Stability of two-dimensional and three-dimensional autonomous competitive
Lotka-Volterra dynamical system
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Abstract. A detailed analysis of the stability of equilibriums of the two-dimensional autonomous com-
petitive Lotka-Volterra dynamical system is conducted. Necessary and sufficient conditions are determined
for equilibriums to be asymptotically stable or saddles. Necessary and sufficient conditions are determined
for the observed dynamical system to have no equilibriums. Moreover, bifurcation analysis of that dynam-
ical system is obtained. Concretely, we obtained that two transcritical bifurcations occur in the observed
dynamical system. One transcritical bifurcation occurs for di2 > 0, di12 > 0, di22 = 0, while the other
transcritical bifurcation arises for dizs > 0, di12 = 0, di22 < 0, where di2 is the main determinant of the
matrix of the observed system, while d112 and di22 are its minors. Furthermore, stability of equilibriums
of the three-dimensional autonomous competitive Lotka-Volterra dynamical system is inspected.

Keywords: Lotka-Volterra; dynamical systems; stability; equilibriums; bifurcations.
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On some recent results regarding Laplace transform

Zora Golubovié
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Abstract. As a common-knowledge procedure, Laplace transform is used in applied mathematics,
physics, engineering and computation in general. By giving a comparative overview of Laplace transforms
in real space setting, Banach spaces, Banach algebras and Banach modules, we will emphasize the necessity
of its studying. This lecture will firstly analyze Laplace transform procedure proposed earlier by Gautchi
and Milovanovic. The technique mentioned will next be used to develop appropriate method both in Banach
spaces and unital commutative Banach algebras, as well as in Banach modules. Secondly, we will discuss
the existence of originals (the inverse Laplace transforms) of harmonic and hyper-harmonic sequences (in
accordance with regularity criteria for Sylvester modular equation) and use these results to determine the
sums of some slowly convergent Banach-algebra-valued series. These findings are obtained through joint

work with Bogdan Djordjevic, and in solo work done by lecturer. [ 1]

Keywords: Laplace transform, Banach algebras, Banach modules, Sylvester equation, Abstract series
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On relations induced by (b, ¢)-inverses in rings
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Abstract. Motivated by results on minus, sharp, core and dual core partial orders, we define a binary
relation in a ring, induced by (b, c)-inverses, in a quite similar way as mentioned partial orders. We prove

that this relation is an equivalence relation and we inestigate some of its properties.

Keywords: (b, c)-inverse; equivalnce relation; ring.
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Lipschitz continuity for functions satisfying o Laplacian-gradient inequality

Miodrag Mateljevi¢
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Abstract. We say that function f satisfies the a Laplacian-gradient inequality on the unit disc D =
{z € C: |z| < 1} if there exist positive constants a, b such that

(1= [2)*|Laf(2)] < alVf(2)]> + b for every z € D.

Here Lo = D=((1—2*)"®D.). Let G be domains in C with G boundary. Based by One of results obtained
in [ 1] we will prove that, if a quasiconformal diffeomorphism f : D — G satisfies the a Laplace-gradient
inequality, then f is Lipschitz. The proof of this result is based on the Flattening the boundary method,
with some use of continuity properties of Riesz potentials. Method used for proving the main result of this
article is sometimes referred as Bootstrap argument.

Keywords: Poisson kernel; Green function; Generalized harmonic functions.
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L? norm of truncated Riesz transform and an improved dimension-free L”
estimate for maximal Riesz transform

Petar Melentijevié¢
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Abstract. We prove that the L?(R?) norm of the maximal truncated Riesz transform in terms of the
LP(R?) norm of Riesz transform is dimension-free for any 2 < p < oo, using integration by parts formula
for radial Fourier multipliers. Moreover, we show that

2
" 1\~
IR fller < (2+$) IRy fller, for p=2, d>2.
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As by products of our calculations, we infer the L norm contractivity of the truncated Riesz transforms
R;- in terms of R;, and their accurate L” norms. More precisely, we prove:

IR fllze < IIR; fllze

and
IR || = [IRllze,

foralll < p < +o00,j€{1,...,d} and t > 0. Along with proved results, we will discuss possible extenstions

and generalizations.
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Abstract. The Fuglede-Putnam Theorem stands as a cornerstone in the spectral theory of bounded
linear operators. One of its most notable corollaries states that the product of two commuting normal
operators is also normal. The converse is not true in general, and thus, it is of interest to find certain
conditions under which the normality of the product of two commuting operators implies the normality of
each factor. Inspired by this problem, we investigate when subnormal operators 71 and 7% are quasinormal
provided their product is quasinormal. Also, we obtain as a corollary that subnormal n-th roots of a
quasinormal operator are quasinormal, and thus we answer the question asked by Curto et al. in [ 1]. Also,
we give sufficient conditions for quasinormal (subnormal) operators 71 and 7% to be normal if their product
is normal. Some results in multivariable theory of subnormal and quasinormal operators are also presented
(see | 2], [ 3))-

Keywords: subnormal operators; quasinormal operators; spherically quasinormal pairs; Fuglede

Theorem.
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Translational regular variation and asymptotic equivalence
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Abstract. Consider the class of positive functions
F={x==z(),t >a,a>0:z(t) > oo as t — co}.
We say that functions x,y € F are multiplicatively strongly asymptotic equivalent if
pr= lim —< =1, (0.2)
and additively strongy asymptotic equivalent if

pa = Jim (a(t) —y(®) =0. (03)

t

A measurable function f : [a,00) — (0,00), a > 0, is translationally regularly varying in the sense of
Karamata (see, for instance, | 1]) if for each A € R

lim (A +1)
t—o00 [E(t)

< oo. (0.4)

The class of such functions is denoted by Tr(RV.,,).
In this paper we prove that
z(t)pry(t), t — oo, (0.5)
implies that
f@@®)p2f(y(t)), t — oo, (0.6)
is implied by f € Tr(RV,,).
In connection with (0.5) and (0.6) see, for example [ 2.

Keywords: translational regular variation; additively strongy asymptotic equivalence; multiplicatively

strongly asymptotic equivalence.
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The Riesz Potential Type Operator in the Power-Weighted Variable Generalized
Hoélder Spaces Over a Metric Measure Space

Yuri Drobotov
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North-Caucasus Center for Mathematical Research of the Vladikavkaz Scientific Centre of the Russian Academy
of Sciences, Russia
Don State Technical University, Russia
e-mail: yu.e.drobotov@yandez.ru

Abstract. Let X = (X, d, 1) be a metric measure space, where d and p are the distance and measure
on X, respectively. To characterize X', the following condition is imposed:

Ve eX: p[B(z,h)]<KhY with h—0, K>0,

where B(z, h) symbolizes an open ball, and N > 0 is real. The following integral operator is considered
here as the Riesz potential type operator over an open bounded 2 C X:
_ [ f(o)du(o)

Iaf(m)Z— m,xeﬂ,OéRea<l

This study is on the action of I between the variable generalized Holder spaces H“(')7 which were

introduced in [1]. These spaces are defined through the following condition:
wao(f,z,t) < cw(z,t), 0 < c< o0,

formulated in terms of the local modulus of continuity, that is

wo(f,z,t):= sup [f(z) = f(y)], z€Q h>0,
yEQNBz,h)
or the minimum majorant of wn with the required properties. Specifically, we consider the conditions under
which 7% is bounded from

H*O(Qu):={f: wfeH*Q), (wf)(a)=0}

with the power weight
w(z) =d"(z,a), a,xz € Q, 0 <Rev <1,

to H“>®) characterized by wa (z, k) = h®* w(z, h).

This study continues the approach of [2], where the Zygmund type estimates were obtained, and,
based on these, theorems on the action of I «() gver a quasi-metric space were proved in the weightless and
special weight cases. The results are presented in terms of the Bary—Stechkin classes, as well as the Orlicz
indices.

Keywords: fractional calculus, Riesz potential, variable generalized Hélder space
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I'peduepoBe Oa3e 3a monyse man IlpudepoBuMm nmomenuma

Maja Pocaasues

Mamemamuku daxyamem Ynugepsumema y Beozpady, Cmydenmceku mpe 16
e-mail: magja.roslavcev@matf.bg.ac.rs

Sopan 3. Ilerposuh

Mamemamuvky daxyamem Ynusepsumema y Beozpady, Cmydenmcku mpe 16
e-mail: zoran.petrovic@matf.bg.ac.rs

Ancrpakr. C o63upoMm Ha TO ma je mpobGieM mocrojama ['pebuepose 6a3e 3a moeaa y OPCTEHY
OJIMHOMA HAX HOoJbeM, ka0 u Herepunum nomenoM, pemed (Bumu [ 1]), mocraBmma ce MCTO muTame 3a
NPCTEH HOJMHOMA Han HeHeTepmHuM npcreHoM. lomen R je IlpudepoB momen ako je yoragm3aimja
Rp Banyanmonu momeH 3a cBaku npoct uneas P. [Ipexcrasuhemo mokas ma nocroju I'pebuepoBa Hasa
38 KOHAUHO TeHepucaHu uaeas I y IpCTeHy HOJIMHOMA ca jequoM mpoMmenHpmuBoM R[X], npu uemy je
Kpynosa mumensuja npcrena R jemmaka 1. OBme ce ociamaMo Ha BaskaH pesyarar o IIpudpepoBum
noMenuMa u3 | 2]. ase, kA0 yONIITEH€ MUTAKA UAealla, OABAMO Cé KOHAYHO IEHEPUCAHUM IIOIMOI-
yaMMa KOHAYHO MEeHEPUCAHUX CI000IHMX Monyiaa Hanx R[X], oupu ueMmy je QUKCHMpAH MOHOMHU IODPENAK
? POT” (position over term). IIpencrasuliemMo u noka3 ma mocroju I'pebGuepoBa 6a3a M 33 OBAKBE HOJ-
MOJIyJIe, y ClIydajy ucTe mpernocraBke o mumensuju IIpudeposor nomena R. Tarobe, npukrazahiemo u
pe3yarar ma ce y ciydajy BaJyalMOHOI JOMeHa mobuja u jaka ['pebHepoBa 0Oa3a 3a HaBeIeHU IMOMI-

monya. CrnomenyTu pesynraru Mory ce Hahwm y [ 3].

Kayune peun: ['pebuepose 6a3ze; [Ipupeposu momenu; Banyanuonu momeHu.
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Ancrpakr. JlekaproB oBaJ je reoMeTpujcko MecTo Tavaka M y paBHM 3a 4Ynja pacrojama On
nBe purcumpaHe Tauke - Qoryca Fi m F> Bakm peramuja m1|MF1\ + n1|MF2| = 451, 3a mapamerpe
my,n1,S51 > 0. Y paxy pasmarpamo ciydaj kana JlekapTos oBaJ IOCTOjU U HUje nereHepucas (ciyda-
jeBu esmnca, xunepboaa wim [lackanos mysk). 3a Takse JlekapToBe OBaJie MO3HATO je A& IOCTOJU U
rpehu ¢okyc F3 ronmueapan ca upsa nsa. OBa Tpu ¢oxryca y naposuma onpebyjy IlekapTos oBai y3
omrosapajyhe mapamerpe. Ilonazehwn ox Te unmenune GopMupaH je CHUCTEM IOJMHOMCKUX jeIHAYNHA
U3 Kora je m3BeneHa Gpopmysa 3a koopaurare rpeher goryca Ilekaprosor oBaja. Y CIOBU CArIACHOCTHU
cucreMa cy maru ainrebapckuMm Besama MeDy mapamerpuma u Kana Baske Te Be3e, Ha OCHOBY (OKyca
F3 u jequor on ¢oryca Fi wnm Fy onpeben je uctu lekapros oBan. Popmyna u ycnoBu cy mobujeHu
MPUMEHOM TICEYAOPEe3yITAHTU, a pe3yararu cy norBpbhenu mpumenom I'pebGueposux 6Gaza. Takobe cy
pasMmaTpane Moryhe mpuMeHe y ONTUIH.

Kmyune peun: AnreGapcka reomerpuja; lekapros osai; ['peGuepose Gaze
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Penen-Bep:x cumerpuuHa ¢pyHENUja murpada u HeHe 0CoOOuHe
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Ancrpakr. Puuapn Crennu je 2022. yBeo cumerpnuny (GyHKINjy OPUIAPY:KEHY aurpady u Ha3-
Bao je Pemem-Beps cumerpuuna ¢yHKIUja, y 4acT JBOjUIlE UyBEHUX MaTeMaTrudapa duje Pe3yJTaTe
0 Opojy XaMHITOHOBUX IyTeBa y Aurpady je ycmeo na mobuje Ha HOB HAYMH, KOpUIINEHmEeM TEeXHUKA
Teopuje cumerpuuHnx GyHRmAja, [ 1]. Y [ 2] je yBemena romburaropua Xondosa aarebpa aurpadosa,
u moka3aHo je ma ce Pemen-Bepsx ¢yHKmUja MOske BUIeTH Kao CIUKa OBe aJjrebpe Ipy yHHUBeEp3a-
HOM MOp($u3My y KOMOuHATOpHY XompoBy anarebpy kBaszucuMmerpmuHux ¢yHkinuja. leduuucan je u
Peneun-Bepsx monmmuaoM ka0 riaBHa cuenyjanu3anuja oBe GpyHKIUje. Y OBOM M3JIaramy IpeacTaBuhieMo
Hu3 ocobuna Penem-Bepx (yHEKIUje m moamHOMa KOjeé Cy MOTIYHO AHAJOTHE CBOjCTBHMA KOj€ MMAjy
XpoMaTcka (QYHKIHMja U XpOMa TCKU IOJMHOM rpada. 36or Te canunoctu, Penen-Bepx ¢yukmuja 6u
HapeIHNX TOAWHA MOTJIa Oa IOCTaHe IPeAMeT IPOoydaBama MHOTMX MaTeMaThdapa KOju ce OaBe ajre-

OapCKOM KOMOMHATOPUKOM.

Kmyune peun: murpad; Penen-Bepix cumerpuuna ¢pyurnmja; xpomarcka GpyHKITja rpada.
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Abstract. Since the pioneering works of Sanchez | 2, 3], the systems of fuzzy relation equations have
steadily taken a fundamental role in fuzzy literature, not only because they possess numerous interesting
mathematical properties, but also because of their application potential. The most studied ones are the
linear systems, in which an unknown fuzzy relation is on the one side of the equal sign [ 1]. The situation is
quite different with the weakly linear systems. Although they can occur in many forms, roughly speaking
they consist of one or more unknown fuzzy relations on both sides of the equal sign. This talk aims to
cover the mathematical foundations of the described problem (cf. [ 4, 5, 6]), and deals with the solvability
issues of weakly linear systems over complete residuated lattices. We provide a characterization of the set
of all solutions to weakly linear systems to a desired degree. Ultimately, we demonstrate the application
aspects in aggregating fuzzy relation structures.

Keywords: Fuzzy relation equations; Fuzzy relation inequalities; Fuzzy preorders; Fuzzy equivalences;

Fuzzy relation systems.
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Isogeny graphs, modular forms and signatures
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Abstract. Given p, ¢ different primes, the isogeny graphs G(p,¢) is defined as follows: the vertices are

supersingular elliptic curves E/F,2, the edges are f-isogenies. Such graphs give an easy visualization of

2>
many protocols in isogeny-based cryptography, e.g. the hash function [ 1] and the signature scheme [ 4].

It is immediate to see that from each vertex there are exactly 41 outgoing edges (the graph is regular).
It is less obvious that, as proven by Eichler in [ 5], isogeny graphs are connected and have the Ramanujan
property: the non-trivial eigenvalues fall in the Hasse interval.

We look at a generalization of these graphs, adding level structure to the elliptic curves: new interesting
phenomena arise, since the graph can be k-multipartite, but up to this, we prove the Ramanujan property
using modular curves.

The initial motivation for these generalitations was to prove security of a zero knowledge proof of
knowledge in | 2]: the Ramanujan property implies that random walks mix fastly, i.e. that even for not-
too-long walks, the last visited vertex is close to uniformly distributed. In [ 3] we explored the problem in
vast generality.

Keywords: Isogeny; Cryptography; Modular curves.
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Idempotent-aided factorizations of matrices over a field
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Abstract. We define an idempotent-aided factorization of a matrix D, with the help of an idempo-
tent matrix E of the same rank as D, as the representation of D in the form D = UV, where the matrix
U has the same rank as D and the same null space as E, while the matrix V' has the same null space
as D and the same range as E. Such factorizations can be viewed as a natural generalization of full rank
factorizations.

Here we provide three efficient algorithms for determining idempotent-aided factorizations of matrices
over a field, as well as the fourth one that determines the so-called canonical idempotent-aided factor-
ization. We also apply those algorithms in the construction of algorithms for testing the existence and
computing group inverses and (B, C)-inverses of matrices over a field.

We also show that the concept of idempotent-aided factorization can be defined in an even more
general context — in an arbitrary semigroup. We prove that every regular element of a semigroup has an
idempotent-aided factorization with respect to an arbitrary idempotent from the Green’s Z-class of that
element.

Acknowledgement. The authors acknowledge the support of the Science Fund of the Republic of Serbia,
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Simplicial complexes associated to character degrees of solvable groups
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Abstract. Graphs associated to the set of irreducible character degrees of a finite group G have
been extensively studied as a way of understanding structure of the underlying group. Another approach,
proposed by Isaacs, is to study associated simplicial complexes, namely the common divisor simplicial
complex G(G) and the prime divisor simplicial complex D(G). These complexes can be associated to any
set of positive integers and this paper shows they are homotopy equivalent. Further, considering these
complexes associated to the set of irreducible character degrees, we give a bound on the rank of the
fundamental group.
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Invertibility of some special matrices involving certain numbers
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Abstract. A family of structured matrices, such as Toeplitz, Hankel, Vandermonde, circulant, Hessen-
berg, Cauchy, and other well-known families of special matrices, offering extensive utility in digital signal
processing, image manipulation, coding theory, statistics, quantum mechanics, and more. A particularly
intriguing scenario arises when their elements are derived from k—Horadam numbers or Chebyshev poly-
nomials, encompassing Fibonacci, Lucas, and Pell numbers. Additionally, the case where matrix entries
are composed of generalized Narayana numbers is also of interest. We will present the conditions under
which circulant and skew circulant matrices involving generalized Narayana numbers are invertible. These
findings not only have practical applications across various fields but also contribute to advancing our
comprehension of structured matrices and their inherent characteristics.

Keywords: circulant matirces; skew circulant matrices; invertibility; generalized Narayana numbers.
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On the stacky Manin conjecture
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Abstract. A height function measures “size” of a rational point on an algebraic variety. The Manin
conjecture predicts the number of rational points of bounded height on varieties satisfying the property that
the inverse of their canonical line bundle is big. Remarkably, certain other counting results and predictions
from different subfields of number theory, such as the Malle conjecture on the number of Galois extensions
of bounded discriminant, provide very reminiscent asymptotic formulas. Recently, together with Yasuda,
we have developed a version of the Manin conjecture for stacks [ 1] which explains the phenomenon. We
will discuss the conjecture and some progress on it. The content of the talk is based on a joint work with
Takehiko Yasuda.

Keywords: Manin conjecture; Deligne-Mumford stacks; heights.
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An alternative to Mahler Measure of polynomials
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Abstract. We introduce the ratio of the number of roots of a polynomial P, greater than one in mod-
ulus, to its degree d as an alternative to Mahler measure. We investigate some properties of the limit ratio.
We generalise this definition for a two variable polynomial P(z,y) using the Cauchy’s argument principle.
We present an algorithm for calculating the limit ratio and a numerical method for its approximation. We
estimated the limit ratio for some families of polynomials. Some examples of polynomials in two variables
suggest a theorem for the limit ratio which is analogous to the Boyd-Lawton limit formula for Mahler
measure.

Keywords: Mahler measure; argument principle; limit ratio.
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On transmission irregular graphs — starlike and
double starlike trees and long pendent paths
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Abstract. The transmission of a vertex in a connected graph is the sum of its distances to all the other
vertices. A graph is transmission irregular (TI) when all of its vertices have mutually distinct transmissions.
In an earlier paper, Al-Yakoob and Stevanovié¢ | 1] gave the full characterization of TI starlike trees with
three branches. Here, we improve these results by using a different approach to provide the complete
characterization of all TI starlike trees and all TI double starlike trees. We subsequently implement the
aforementioned conditions in order to find several infinite families of T1I starlike trees and TI double starlike
trees. Besides that, we disclose five families of unicyclic graphs with two pendent paths whose members are
TT under certain conditions. As a direct consequence, we demonstrate the existence of TT chemical graphs
of almost all even orders, thereby resolving a problem recently posed by Xu, Tian and Klavzar | 2].

Keywords: graph distance; transmission irregular graph; starlike tree; double starlike tree; pendent
path.
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On the extremal Harary index of graphs with given parameters
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Abstract. Let G = (V(G), E(G)) be a graph with vertex set V(G) and edge set E(G). The distance
d(u,v) between any two distinct vertices u,v € V(G) is the number of edges in a shortest path joining
u and v. The diameter of a graph G is the maximum distance between any two vertices in G. A subset
S C V(G) of mutually non-adjacent vertices in a graph G is said to be an independent set in G. The
independence number is the maximum cardinality of an independent set in G.

The Harary index of a graph G, denoted by H(G), was introduced in 1993, and is defined as

HG) = > - (0.7)

wweV(Q) de (u,v)

with the summation going over all pairs of vertices of G. This index was named in honor of Professor Frank
Harary on the occasion of his 70th birthday. Recently, there has been a great interest in studying extremal
graphs that minimize (or maximize) Harary index in different classes of graph. The graphs with diameter
or independence number equal to n — ¢, for 1 < ¢ < 4, which attain the minimum value with respect to
the Harary index are being considered and the extremal graphs are characterized, as well.

Keywords: Harary index; diameter; independence number.
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Matrices in Gauss-type quadratures for variable-sign weight functions
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Abstract. We consider a recently proposed Gauss-type quadrature formula with respect to a weight
function that changes sign in the interior of the integration interval. An important step in its construction
is to introduce a modifier function used to transform the given integral into a sum of one integral that does
not cause a quadrature error and the other integral with a property that the points from the interior of the
integration interval at which the weight function changes sign are the zeros of its integrand. Determining a
modifier function requires solving an associated system of linear equations. For the same integral, different
modifier functions can be chosen, and hence different linear systems can be obtained. From a theoretical
perspective, only necessary is that the associated system has a solution, but from a computational per-
spective, it is also important that the associated system is not too ill-conditioned and that the structure of
its matrix is as simple as possible. We analyze the conditions under which it is guaranteed to obtain, for
instance, a system with a Vandermonde matrix or a system with an identity matrix. We also give examples
where systems with an arbitrary matrix are obtained.

Keywords: Gauss quadrature formula; variable-sign weight function; linear system.
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Abstract. In this paper we discuss the hybrid type of accelerated gradient method for solving un-
constrained optimization problems. There are many methods in the contemporary literature developed for
solving this problem. Herein, a special attention will be paid to the methods that were created as a mod-
ification of quasi-Newton’s method using their hybrid versions. We specially study convergence features
of the Hybrid Modified Accelerated Gradient Method, which presents a hybrid variant of the Modified
Accelerated Gradient Method. This method was tested for three main properties: the number of iterations,
the CPU time and the number of function evaluations. Numerical outcomes confirmed better performance
profiles in favor to the derived hybrid model when compared to its forerunner.

This work was funded by the project of Faculty of Sciences and Mathematics, University of Pristina
in Kosovska Mitrovica (internal-junior project 1J-2303)

Keywords: Line search; gradient descent methods; quasi Newton method; convergence rate; hybrid

model.
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Abstract. It is well known that the anti-Gaussian quadrature rule, introduced by Laurie in 1996 (|
1]), gives the error equal in magnitude but of opposite sign to the error of the corresponding Gaussian
quadrature rule. Here, we define a set of anti-Gaussian quadrature rules for the optimal set of quadra-
ture rules in Borges’ sense in the linear space of trigonometric polynomials ([ 2|, [ 3]). We consider the
orthogonality with respect to the set of r different weight functions, with special attention to even weight
functions. Also, we investigate the corresponding class of trigonometric multiple orthogonal polynomials
and prove some of their important properties.
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A machine learning method with extra-gradient step
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Abstract. This paper deals with the minimization of unconstrained objective functions in the form
of finite sums. We present an extra-gradient method with line search strategy and algorithm that uses
variable sample size and thus makes the process significantly cheaper. The method is non-monotone, and
the adaptive step size aj obtained in the linear search, is a random variable dependent on the sample
&r. The inevitable consequence is that the errors do not induce martingales. The algorithm is tested on a
couple of examples, including the machine learning problems. [ 1, 2]

Keywords: finite sum minimization; machine learning; line search extragradient.
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Reinforcement learning for graphs and beyond
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Abstract. Adam Zsolt Wagner | 1] showed how a particular reinforcement learning technique, the
so-called cross entropy method, can be used to construct (counter)examples in graph theory. We have
recently provided an improved implementation of this method [ 2] and in this lecture we will showcase how
it can be used to construct counterexamples for a set of older conjectures on the Laplacian spectral radius
of graphs [ 2], edge-colorings of complete graphs that lead to new lower bounds on Ramsey numbers [ 3],

and, with a minor adaptation, also the shape of optimal window overhangs for residential homes [ 4].
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Abstract. We present several iterative methods for computing matrix inverse of the matrix A as well
as several generalized matrix inverses. Two classes of methods are considered:

1. methods of the form Xx11 = Xpp(AX) where p(x) is the polynomial with constant coeffcients;

2. methods of the form X411 = X (aék)l + agk)AXk) where aék> and agk) are coefficients computed
in each iteration.

Convergence properties are studied, as well as the orders of convergence and computation efficiencies
of these methods. They are verified on the several numerical examples.

Keywords: iterative method; generalized inverse; convergence
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Decision-making algorithms based on fuzzy soft sets
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Abstract. The theory of soft sets was introduced as a mathematical tool for solving problems contain-
ing uncertainty and imprecision, as well as for the simpler representation of data with certain characteristics.
Over the past twenty years, the theory of soft sets has evolved in various directions. New operations have
been defined, different algorithms have been developed, all with the aim of applying the theory of soft
sets in various fields. The concept of a fuzzy soft set has been studied by many, and there are numerous
applications because algorithmic methods can be formulated in the theory of fuzzy soft sets, providing
very useful conclusions when making decisions. Based on a given fuzzy soft set, certain numerical values
can be defined as values that characterize the fuzzy soft set, and based on these values, we can formulate
a decision-making algorithm.

Keywords: Soft set; Fuzzy soft set; Energy; Decision making.
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Some extremal value problems of vertex-degree-based invariants on trees and
connected graphs
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Abstract. A collection of innovative vertex-degree-based invariants, including Sombor-Index-Like
Graph Invariants denoted as SO; for 1 < ¢ < 6, and generalized reduced Zagreb indices represented
as GRM, for certain A € R, was recently introduced. These invariants were developed through geomet-
ric reasoning within a novel graph invariant framework. Motivated by unresolved questions and ongoing
findings highlighted in [ 1] and [ 2], we determined the maximum values of SOs and SOs, as well as the
minimum value of GRM) for A < —2, in specific classes of trees with predefined order and maximal degree
(such as molecular trees with maximal degrees of 3 and 4). Furthermore, we identified the maximum value
of SOs among the graphs resulting from applying the join operation to specific graphs of a given order.

Keywords: Vertex-degree-based invariants; Trees; Extremal values.
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Metric dimension of hypercube and coin weighing problem
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Abstract. In this paper we consider the connection between metric dimension problem and minimal
doubly resolving set problem of hypercube graph with coin weighing problem. Metric dimension of hyper-
cube f, is the minimum cardinality of a resolving set [ 3, 8|, and %, is the minimum cardinality of a
doubly resolving set of hypercube graph @, [ 1]. Coin weighing problem posed by Séderberg and Shapiro
can be defined as follows: for n coins, each with one of two distinct weights, determine the weight of each
coin with the minimum number of weighings (f») [ 9]. It is known that f, differs from £, by at most one |
5, 7]. We have shown that it holds more precisely: f, < 8n < fn—1 + 1. Also, we have shown that equality
Yn = fn + 1 holds and, as a consequence, Bm+n < Bm + Bn. The last inequality shows that well-known
hypothesis 3(GOH) < B(G) + B(H) is true in the case of hypercube graph.

Keywords: graph theory, metric dimension; doubly resolving set; coin weighing; hypercube graph.
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Abstract. Layers with material properties which significantly differ from those of the surrounding
medium appear in a variety of applications. The layer may have a structural, thermal, electromagnetic
or optical role, etc. The processes in domains with layers can be modelled by boundary value problems
whose solutions are defined in two or more domains. In some cases these domains are disconnected. The
effect of the intermediate region can be taken into account by means of nonlocal conjugation conditions.
In this paper we investigate an initial boundary value problem for a one-dimensional hyperbolic equation
in two disconnected intervals. In each interval an initial-boundary problem of hyperbolic type with Robin
boundary condition is given, while the interaction between their solutions is described by means of nonlocal
conjugation conditions. For the model problem the existence and uniqueness of its weak solution in ap-
propriate Sobolev-like space is proved. A finite difference scheme approximating this problem is proposed
and analyzed. An estimate of the convergence rate has been obtained. The problem of eigenvalues has also
been considered. Theoretical results have been covered by numerical experiments.

Keywords: weak solution, Sobolev spaces, conjugation condition, finite-difference scheme, eigenvalue.
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Numerical approximation of one dimensional fractional transmission problem
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Abstract. Fractional partial differential equations (FPDEs) have attracted significant attention in
recent years, owing to their diverse applications across numerous scientific and engineering domains. Of-
ten, fractional-order models prove to be more suitable than their integer-order counterparts, as fractional
derivatives and integrals facilitate the description of memory properties inherent in various materials and
processes. In this context, investigation has been undertaken on a fractional-in-time transmission problem
spanning two disjoint intervals. An a priori estimate has been established for its weak solution within a
suitable Sobolev-like function space. The study delves into the well-posedness of an interface problem as-
sociated with this equation, demonstrating its stability within corresponding Sobolev-like function spaces.
Furthermore, a finite difference scheme has been developed to approximate this problem, accompanied by
a thorough analysis of its properties. An estimation of the convergence rate has been derived, aligning with
the smoothness characteristics of the input data. A proposed difference scheme has been put forth and
validated through several numerical examples.

Keywords: fractional derivative; transmission; sub-diffusion; finite differences; convergence rate.
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Lyapunov-type extremal problem with phase constraints
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Abstract. We consider a nonsmooth case of Lyapunov-type, i.e. isoperimetric convex continuous-time
optimization problem with inequality integral constraints and phase constraints, defined in Lo ([0, T]; R™).
Subdifferential approximation of the considered problem proved to be a practical way to bypass the lack of
differentiability. By using new alternative theorem for convex inequalities in functional spaces, necessary
optimality conditions are obtained.
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Ancrpakr. IlakoBame kytuja (enru. bin packing) nmosmaru je HII teskax npobiem koju ce cactoju
y IaKOBaBy 3a0aTOT CKYIa IMaKeTa y PACIONOKUBU CKYI KyTUja. Y JUTEPATYPH je HAjBUIIE 3aCTYI/bEH
npobaeM KOju yKbYUyje jeAHy OUMEH3U)jy KyTHja W IHaKeTa, a KO BUIIEe MUMEH3Uja IMOCTOje TeOMeTPU-
jCKO 1 BeKTOPCKO makoBame. OBIe je pazmMaTpaH BEKTOPCKMA IPOGJEM MakoBama 3a 2 U 3 OUMeH3Uje.
IIpumemena je PenykoBana merona npomensmusux oxkoimHa (Reduced Variable Neighborhood Search -
RVNS) koja je Tectrpana Ha CKyIOBMMAa MHCTAHIW U3 gureparype. Vsppmena cy nopebema nobujennx
pellema, y CMUCIY KBAJUTETA K BpDEMEHA U3BPIIABAKA Ca PE3yJITATUMA OO0 Cala IPEeITIOKEHNX METOIA.
3a nopefiewe je kKopumheH U er3akTHU pemasad y3 Jo4aTHO H0OobIIame y BULy 60Jbe MPOIEHe FOpPHhe
rpaHuie IOTpeOHUX KyTHja 3a 3amaTy MHCTaHIy. Pesynrarm nmopebema mokasyjy na je mpensoskeHa
MeTona ymopeauBa ca nocrojehimM mpucrymmMa, a Ha BehieM 6pojy MHCTAHIM y IPOCEKY Haje OoJpe
pe3yarare. To je oxpabpyjyhu 3akmydak 13 Kora ciequ HEKOJIMKO Moryhux mpaBana 3a yHanpebheme
oBe merone. Paszmarpajy ce u moryhe nprumene BEKTOPCKOr IaKOBama HA pealiHe IpobieMe 13 IPaKCe.

Kipyune peum: BeKTOPCKO MakoOBame KyTHja; METOAA IPOMEHJPUBUAX OKOJIVHA; ONTHUMU3ALI]A.
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Ancrpakr. IlpaBunno Gojeme rpada je cBako momesuBame 0oja UyBOpoBUMA rpada, TAKBO aa
IoBa CcyceqHa 4yBOpa 00aBe3HO mMMajy pa3audury 060jy. XpOMATCKMA MOJUHOM, IPBU IyT yBemeH 1912.
roauee y BupxopoBoMm panmy, Opoju Haumae Ha Koje je Moryhe mpaBuiaHO obojutu rpa¢ momohy yH-
ampen 3anare majgere 0oja. DeckoHaYHM aHAJONOH XPOMATCKOD IOJIMHOMA je TAKO3BaHA XPOMATCKA
¢yurnuja, yeBenena oxn crpanme Crenmuja 1995. rommme, kKoja y cebu campsku MHGOpPMAaIUje O CBUM
npaBuiaHUM OojemuMa Hekor rpada. To je jenna cuMeTpumuHa (QYHKIH]A, T€ je IPUPOITHO 3AMUTATH CE
T8 MOKEMO 3aKBYUUTU O KOePUIMjeHTUMa Y IHeHOM Pa3BOjy Y PAa3JIUYUTUM IPUPOIHUM OaszaMa BeK-
TOpCKOr npoctopa cuMmerpuyaux (yuknuja. Cam CTeHan je IOCTABUO XUIOTE3y O MO3UTUBHOCTH OBUX
KoepuimjeHara y eireMeHTapHoj 6a3u (kpahe, e—nmosurusHOCT) 3a onpebeny kiaacy rpagosa, u OBO je
jemHO On IEHTPAJIHUX NUTama Yy aaredapckoj komMbuHaTopuiy y nocienmux 30 roausa.

Y oBoM u3naramy, YBOAUMO IBE HOBE KJace rpagoBa - KJIacy CyHana u kiacy oyuuna. Ilorasy-
jeMo kako ce mpo0bJieM UCIUTUBAKA e—IO03UTUBHOCTY MHOTUX I'padoBa MOKE CBECTU Ha NIPOOJIEM UCIU-
TUBaHka €—IO3UTUBHOCTU CYHAIlA, T€ ajeMO HEKOJIMKO KPUTEPUjyMa 3a MPOBEPY OBE MO3UTUBHOCTU.
HanocneTxky, nporana3nMo HaUMH Ia ce KOePUIMjEHTH XPOMATCKe (YHKOUje OyduIa y eeMeHTapHO]
0a3u M3paduyHajy E€KCIJIUIUTHO.

Kumyune peum: xpoMarcka cuMeTpryHa (QyHKIUja I'pada; e —IO3UTUBHOCT; CYHIIA; OyduIle.
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Ancrpakr. Y oBOM pany Ccy pa3MarTpaHe Pas3iInuuTe BapujaHTe npobieMa p-xad MaKCHUMAIHOT
NOKpuBama HeorpanmvueHnx kanamureta (p — HMCP). lum npobaema je ompebusame onrmmadt-
HAX JIOKaIMja 3a YCHOCTABJ/bAKE YHAIpEen 3aaTor Opoja xaboBa, TakO ma yKYIHM OPOTOK Mebhy
CBUM IIOKPWBEHMM IAapOBUMa CHAOIEBAUY-KOPUCHUK Oyne MaKCHMAaJiaH, y3 IPETIOCTABKYy OWHAPHOL
WM TapUUjaHOr MOKPUBAama. Y CIydajy OMHADHOT MOKPUBamka, Hap CHADZEeBaU-KOPUCHUK CE CMATPa
IOKPUBEHUM, yKOJIMKO [EHA TpaHCIOpTa (BpeMe Miu pacrojame) ox cHabmeBada OO KOPUCHUKA HUjE
Belia ox yHAmpen 3anaTe MAaKCUMAJHE IEHE TPAHCIOPTa (BpeMeHa WK PacTojama). llapuujanno nokpu-
Bame YKBYUYyje CTEeleH MOKPUBEHOCTH u3MeDhy mapopa cHabIeBaY-KOPUCHUK KOjU CE pean3dyje mPEeKo
¢yHKNMIje drja BPEAHOCT ONaka Ca IMOPACTOM pacrojama. Y pangy Cy pa3MarpaHe BapujaHTe Hpobiema
p— HMCP ca paznmuuuTuM AJOKALUjCKUM IIEMaMa: jeTHOCTPYKOM, BUIIECTPYKOM U T-AJIOKAINjCKOM
memoM (1 < 7 < p). Wznoxkene cy ommre Maremaruuke dpopmyinanuje npobaema p — HMCP, panuje
npemiokeHe y panosuMa [1] u [2], a uuja ce mpemHOCT Oryena y YMmEHANN & Ce JAKO TPAHCHOPMUILLY y
(opmyaImje IpobIeMa ca pa3IuUUTUM AJOKAINjCKUM ImeMaMma. ¥ pany Cy yHmopeieHe BapujaHTe IPOO-
nema p — HMCP kpo3 aHaju3y pelrema JOOUjeHnX 3a pasjinuuTe aJIOKallljcKe meMe u 06a KOHIENTa
MOKPUBamka. 3a TECTUPae MOIENIa U aHAJIN3Y Pellena pasMaTpanux Bapujantu npobaema p— HMCP,
ropumhene cy cragmapaae CAB u AP uvHCTaHIle U3 JUTEPATypPEe MaJUX U CPEAmUX JUMEH3Uja.

Kmyune peum: npobieM p-xabd MaxkCHMaJHOT IOKPUBAMKa; OMHAPHO U IAPUUjaJIHO IOKPUBAILE;

jemHOCTPYKA, BUIIECTPYKA U r-aJIOKAIN]a.

Bubauorpaduja

[1] O. Jankovié, S. Migkovié, Z. Stanimirovié¢, R. Todosijevié. Novel formulations and VNS-based heuris-
tics for single and multiple allocation p-hub maximal covering problems. Annals of Operations Re-
search, 2017, 259(1), 191-216.

[2] O. Stan¢ié, Z. Stanimirovi¢, R. Todosijevié, S. Miskovié. Mathematical formulations and solution
methods for the uncapacitated r-allocation p-hub maximal covering problems. Discrete Optimization,
2022, 43, 100672.
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Harpama Csjercke acomnujaimuje jaypeara 3a MareMaTuky mJjin
Pauynapcke nayke

Munojuna Jahumosuh

Lprozopeka axademuja nayka u ymjemwocmu, Ilodzopuya, Lpna Lopa
e-mail: milojica@jacimovic.me

Hesena Mujajnosuh

Ynueepsumem Lpwe Tope, Ilodzopuya, Lpra Iopa
e-mail: nevenami@ucg.ac.me

Ancrpakr. Marematuuapu Apramnj Hemuposckn, (UuacturyT 3a Texmonorujy, Armanra, CAII)
un Jypuj Hecrepos (mpodecop emepuryc, Katomuuku yausepsurer, Hosu Jlysen, Bearuja) cy nobur-
Hunu oBe Harpagne 3a 2023.romuny. Harpanme cy um ypydene 6. HoBemOpa 2023.romuue y Ilanrajy.
Harpabenn cy 3a cepujy nuonupckux pagoBa u3 00JIaCTU KOHBEKCHE ONTUMU3aLUje, yKbydyjyhu Teo-
puUy caMo-carjacHuX (yHKIMja X MEeTOe YHYyTDAIILUX Tadaka, yop3anu rpaaujeETHH MeTol. HbuxoBu
pe3yaTaTu ce MUPOKO KOPUCTE y MAIIMHCKOM yuewmny. IlokpeHymnu cy peBosyuujy y pa3Bojy aaropu-
Tama onruMmmiaruje. Teopuja CIOKEHOCTH MeTOAa ONTHUMU3aNnUje U yOP3aHU aJrOpuUTMU, Koje Cy OHU
pa3Buiu npoay0bIbYjy pasyMujeBame METONa ONTUMU3AIN]e U MOTy NHOCTU KOHCTPYKIMjE ,,ONTUMAIHAX
MeTona OnTUMu3amnuje” .

Y oBoM caommrTeny MU NeMo KpaTko npesdeHTuparu pesynarare Hemuposckor u HecrepoBa y KoH-
BekcHO] ontuMmu3anuju. leramuuje hemo ce 6aBuTu Op3uM rpaaujeHTHIM METOAOM U CEMUAEe(PUHUTHOM
pesakcanujoM KOMOMHATOPHUX IpobieMa.

KobyuHe peun: Harpana cBjeTcke acolyjanuje jiaypeara; ONTUMUA3AINI]A.
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Pacnojene pamunuje ¢pyHKOMUja 1 mpuMeHe

Bojana Muxaunmosuh

Ynusepsumem y Leoepaody, Eaexkmpomexrnuury gaxyamem, Bysesap Kpanva Anexcandpa 73
e-mail: mihailovicb@etf.bg.ac.rs

Bpanko Masemesuh

Ynusepsumem y Beoepady, Eaexmpomexrnuury daxyamem, Bysesap Kpanva Anexcandpa 73
e-mail: malesevicQetf.rs

Axncrpakr. Y memasHO mybamkoBanoM pany [1] pasmarpame cy peanne pavuauje GpyHEIUja ©p(T)
3a aprymesnt z € (a,b) m peasanm mapamerap p y Ciay4ajy Kaga Cy MOHOTOHE IO mapamerpy. Takse
damvunmje mMajy 3aHUMILUBE FeOMETpHUjCcke npuMmene y Teopuju anamuTudinx Hejennaxoctu [2], [3] m
y paxy [1] cy massame paciojene pamunuje GpyHrumja. Y TakBuMm dpaMuiaujama je morylie, mom oaros-
pajyhuMm ycmoBuMa, m3nBojutu (YHKUMjY - diIaH (aMuiIrdje KOju MMa HEKe MUHHUMAKC OCOOWHE Koje
cy on 3Hauyaja 3a Teopujy amporcumanuja. Takobhe majy ce mokasm HEKMX MO3HATUX U HEKUX HOBUX
pe3yarara y Teopuju aHAIUTUYKAX HEjeTHAKOCTH, a y ClIy4yajeBuMa Kana je To moryhe oapebenu cy u
MUHMMAKC aIPOKCHMAaHTHU 3a oaroeapajyhe ¢amuinje Koje cy moBe3aHe ca pa3MaTpPaHUM HeEjeTHAKOC-
THMA.

Kmyune peun: Pacnojene paMunuje QyHKIMja, MUHIMAKC allPOKCUMAHT.

Bubauorpaguja

[1] B. Malesevic, B. Mihailovic, A minimax approximant in the theory of analytic inequalities, Applicable
Analysis and Discrete Mathematics 2021, 15:2, 486-509.

[2] D.S. Mitrinovic, Analytic Inequalities, Springer-Verlag, 1970.

[3] G. Milovanovic, M. Rassias (editors), Analytic Number Theory, Approximation Theory and Special
Functions, Springer 2014.
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Xwunore3za HukudopoBa u ciayuajau rpagosu

Wsan Jlazapesuh
I'pabesuncru daxyamem, Yrnusepsumema y Beoepady, Byasesap kpawva Asexcandpa 73
e-mail: ilazarevic@grf.bg.ac.rs
Cunrynapae BpenHocTu rpada; caydajuau rpad; xunoreza Hurudoposa;

Ancrpakr. Y 0BOM pany rOBOPU C€ O HEOPUjEeHTUCAHUM rpadoBuMa 0e3 meThU U BUXOBOM CIIEK-

Tpy. lllaTenoBe p-HOpMe mpencTaBsbajy 30Up p-THUX CTEMEHA CUHIYJIAPHUX BPEAHOCTU rpada CTEIeHO-
1
P’
je mocTaBmoO XWIOTE3y [Oa O CBUX HEOPUjeHTUCAHUX rpadosa Oe3 meTssu ca n YBopoBa HajBehy Bpen-

BaH ca -, cuenujanaH cay4daj [llarenose Hopme 3a p = 1 je Oam erepruja rpada. Banagumup Hukudopos
voct lllarenoBe HOpMe 3a p > 2 mma romiieraH rpad. IlomTo je cmexkrap KOMmIeTHOr rpaga mo3HAT
IOKa3VBambe OBE XUIIOTE3€e IOCTaje qokasuBame onpebene HejennarocTu. OBa XUIoTesa je HOKa3aHa na

Ba)KM 3a TPU CIenujajHe Kiaace rpadoBa, TO cy: crabila, jako peryiapHu rpadoBuU ca IapaMeTpUMa

(n n++/n n+2yn n+2/n

2 4 4
je p mapan 6poj. Takohe HaBoZEe ce u Heka yonmTema Be3aHa 3a ciaydajHe rpadose. Habena je ropma

) KOJ KOjUX Ce IOCTWAe MaKCHMAaJIlHa €Hepruja U rpa@oBU KO KOjUX

OIleHa 3a FeOMETPUjCKY CPEAUHY CUHI'YJIAPHUX BPENHOCTH CIyUYajHOT rpada M U3padyHaTa je Cpenma
BPEIHOCT P-TUX CTEIeHA CUHI'YJAPHUX BPENHOCTU CIydYajHOT rpada.

Bubauorpaguja

[1] I. Lazarevic. Extended Schatten norms of random graphs and Nikiforov conjecture. Hacettepe Journal
of Mathematics and Statistics, 51(3), (2022): 737-742.

[2] V. Nikiforov. Beyond graph energy: Norms of graphs and matrices. Linear Algebra and its Applications
506 (2016): 82-138.

[3] V.Nikiforov. Extremal norms of graphs and matrices. Journal of Mathematical Sciences 182.2 (2012):
164-174.
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KoucTpyknuja ayTo-ayaJHUX KOMIJIEKCA, ayTO-IyaJiHEe TPUAHTYJIAIVje
MHOTOCTPYKOCTHU

Mapurro Tumorujesuh

IIM® Rpazyjesay
e-mail: marinko.timotijevic@pmf.kg.ac.rs

Pane /Kusamesuh

Mamemamuury uncmumym CAHY
e-mail: rade@turing.mi.sanu.ac.rs

Ancrpakr. AjexkcanmepoB Iyad CUMILIMINU]AJIHOT KoMiiekca K C 2"l je CUMIININIjaJTHA KOM-
mnexe K™ = {[n]\ A | A ¢ K}. Koumnerc K je ayro-myamnan axo je K = K" a noa-nyanan axo je
K C KM, AyTo-nyasHu CUMININNUjAJTHU KOMIUIEKCU Ca 7 TEMEHAa MPeNCTaBl/bajy KaHOHCKE MPUMEDE
CUMIUIALM]aIHAX KOMILIEKCA KOjU HeMajy TeOMETPUjCKy peanmsamujy y mpocropy R™ 3. jaBmajy ce
KA0 MUHVMAaJIHE TPHUAHTYyJAI{je MHOTUX TOIOJOIIKNX IIPOCTOPA M BPJIO CY 3HAYAJHH Y TEOPUjU KOM-
6unaropre onrurmusanuje. Brehm u Kithnel cy 1987. y pany [1] mokasanu ma axo d— IUMEH3NOHAJHA

MHOTOCTPYKOCT KOja HHje cepa MMa TPUAHIYJALU]y ca N TeMeHa Talua je:
n > 3ld/2] +3 (0.8)

a jeIHAKOCT BasKM CaMoO y IuMeHsmjama 2,4,8,16 kaga MHOTOCTPYKOCT MMa XOMOJIOHIKM THI peaJHe,
KOMIIJIEKCHE, KBATEDHUOHCKE U OKTAHMOHCKe npojektrnBHe paBHu. Onrosapajyhe Tpumanrymanuje cy
OTKpuBeHe, nocientmha 2022. romube y pany [2], u cBe Cy IpuUMepHU ayTO-AyaJHUX CUMILIALV]AJHAX

KOMILJIEKCa.

Y [3] ce wumcrpaskyje KOMOMHATODHA CTPYKTYPa AyTO-AYyaJHUX CUMIUIUON]AJHIX KOMIIEKCA.

Toxasyje ce ma 3a caxu ayto-nyansan xommiexc K C 2" u craro reme {v} € [n] Basmu

[\ {0}
)

K = Lk({v} U C(Lk({v})) (0.9)

rae je Lk({v}) C 2"} nop-nyaman cuvmmmmujammn kommrexe y ambujenry 2\ Jemmakocr (0.9)

[n

MOT Ba M4 O IPOU3BOJLHOT IO - Ay AJHOT CHUMILIWI]AJHOT KOMILICK IOOMjeMO KOMILICK:
omoryhasa ma o OU3BOJHHOT IO aJIHOT C aJIHOT KO ocaKg2]o6coo EeKC

AK = KMucKk (0.10)

41l Oryna, KoMOMHATODHA U

(rme je CK = K % {0,{n + 1}}) xoju je ayro-nyanan y amGujenty
TOMOJIOMIKA CBOjCTBA ayTO-IyaJHAX KOMILUIEKCA Cy YIOTIYHOCTHU oapebhena KoMOUHATOPHUM CBOjCTBUMA
JIMHKA BUXOBOT MPOU3BOJLHOT TEMEHA & CBE ayTO-IyaJlHe KOMILIEKCEe MOKEMO Ia NOOUjeMO CBOjeBPCHOM

magorpagmoM (0.10) mox-ayansHux KOMIIEKCA.

Y mortopckoj maceprammju [4] m pamy [5] ce amamm3smpajy ayTo-IyaJHE TPUAHTYJIANN)E MHO-

rocrpykoctu. Jloka3yje ce ma ce ayTo-ayanaHa KOMOMHATOpHA MHOrOCTpyKOoCcT K C oln] numMensuje d no-

6uja manorpammouM (0.10) moxn-gyanne koMOGuHATOPHE Chepe gd-1 c gln—1]
Tj. (n[ﬁ;i]z) C 897!, Kopucrehu xoMburaTophy ATeKCaRIEPOBY DyalHOCT, JOKA3Yje Ce Oa ayTO-IyasHa

koja je (n—d—2)—nosesana

koMGuaaTopra mEorocrpykoct M C 21 muvensuje d me mome na Gyne chepa u ma je n = 3[d/2] + 3
mro no pesyarary (0.8) Brehm-a m Kiihnel-a mvmumnupa na je csaka ayro-myasaHa KOMOMHATODHA
MHOrocTpykoct aumensuje d € {2,4,8,16} n nMa XOMOJIOIIKY TUII PeasiHe, KOMIJIEKCHE, KBATEPHUOHCKE

¥ OKTAHWOHCKE IPOjeKTUBHE PABHU & APYTe ayTo-IAyajHe KOMOMHATOPpHE MHOIMOCTPYKOCTHU HE IIOCTOjE.

Onpebyjy ce f—BekTopy onmcaHUX MHOTOCTPYKOCTH Kao U f—BEKTOPU cdepa YUjoM AyasHOM HAJ-

rpagmoM ce OHe mobujajy u HaBOAM METOAA 3a HBUXOBY KOHCTPYKIW)Y.
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Kipyune peun: CuMnnungjainy KOMILIEKC; AeKCaHIepOoBa AyalHOCT; KOMOMHATOPHA MHOTOCTPYKOCT;

MUHUMAJIHE TPUAHTYJIAIY]e.

Bubauorpaguja

[1] U. Brehm, W. Kiihnel. Combinatorial manifolds with few vertices. Topology 26, 1987. 465 - 473.

[2] Alexander Gaifullin 634 vertex-transitive and more than 10'°® non-vertex-transitive 27-vertex trian-
gulations of manifolds like the octonionic projective plane. arXiv:2207.08507, 2022.

[3] M. Timotijevié. Note on combinatorial structure of self-dual simplicial complexes. Mat. Vesnik 71,
2019. 104-122.

[4] M. Timotijevié. Auto-dualni simplicijalni kompleksi, njihova generalizacija i primene u kombinatorici
i geometriji. hitps://nardus.mpn.gov.rs/bitstream/handle/123456789/12259/Disertacija.pdf, 2019.

[5] M. Timotijevié, R. Zivaljevié, Constructing self-dual complexes and self-dual triangulations of mani-
folds, FILOMAT 2024. 38 (6): 2045-2060.

O Jakobu-oproronamuoctu y PumanoBoj u nceyno-PumanoBOj
reoMeTpuju

Karapuna Jlykuh

Mamemamuwru gaxyamem, Ynusepsumem y Leozpady, Cmydewmceru mpe 16
e-mail: katarina.lukic@matf.bg.ac.rs

Ancrpakr. Y pany [ 1] yBemena je moBa morennujasHa kapakrepusanuja Pumanosux Ocep-
MaHOBUX aJrebapCKUX TEH30pa KPUBMHE. 3a ajrebapCcKu TEH30D KPUBMHE KaskeMo na je Jakobu-
oprorouamsan ako JxY L JyX Baxkm 3a cse X L Y, npu uemy J o3mHauaBa JakobujeB omepa-
Top. Y paxny [ 1] je mokasano na je cBaku Pumanos JakoGu-oproronanas tersop OcepMaHOB, NOK
cy csu nosnatu OcepmanoBu Tensopu Jakobu-oproroHanau. Y pany [ 2] je yommren mojam JaroGu-
OPTOrOHAJHOCTY Ha HeAe(pUHUTHE IPOCTOPE Ca CKAJAPHUM IPOM3BOIOM. Y nopebuBanu cy pasznuymru
npuHunu u yrep husane Bese usmebhy OcepmanoBux, Jakobu-myannux u JakoOU-OpTOrOHAJIHUX aJire-
Oapckux TeH3zopa kpuBuHe. Ilokazano je ma je cBaku kBa3u-Kampopnos Terzop Jaxobu-oproronasas.
IHoxrazano je ma je Jakobu-mujaronanuzabuinan JakoOM-opTOTOHAJNAH TEH30D JakoOu-mayajaH Kaarom
Jx HeMa M30TPOIHUX COICTBEHUX BeKTOpa 3a cBako medpunurHo X. IlokazaHo je ma je cBaku anre-
OapCKU TEH30p KpUBUHE auMeH3uje 3 JakoOm-OpTOroHAJAH aKO U CaMO aKO jé KOHCTAHTHE CEKIMOHE
kpuBube. JlokazaHo je nma je cBaku 4-mumensnoHu Jakobu-aujaroHanmszabuiaH anreGapCKu TEH30D
KpuBHHE JakoOu-opToroHajgan ako u camMo ako je OcepMaHOB.

Kmyune peum: tenszop xpusumue; JaxkoOujeBu omeparopy; JaroOU-OPTOrOHAJIHOCT; Hene()pUHUTAH

TIPOCTOP.

Bubauorpaguja

[1] V. Andreji¢, K. Lukié. The Orthogonality Principle for Osserman Manifolds. arXiv:2308.14851
[math.DG].
[2] K. Lukié. The Jacobi-orthogonality in indefinite scalar product spaces. arXiv:2308.16655 [math.DG|.
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NuTerpadbunaau ciryuyajeBu HEXOJIOHOMHOI CHUCTEMa KOTpJhama cdepa
Kao yonmrema Kperama YanamurmHoBe JionTe

Bopucaas I'ajuh

Mamemamuuru uncmumym CAHY, Knes Muzaunosa 36, Leozpad
e-mail: gajab@mi.sanu.ac.rs

Baamuvmup Iparosuh

YT, Hdanac, CAI
e-mail: Vladimir. DragovicQutdallas. edu
Mamemamuury uncmumym CAHY, Knesz Muzaunosa 36, Beozpad
e-mail: vladad@mi.sanu.ac.rs

Boxunap JoBamosuh

Mamemamuuru unemumym CAHY, Knes Muzaunosa 36, Beozpad
e-mail: bozaj@mi.sanu.ac.rs

Ancrpakr. Pa3marpa ce HEXOJIOHOMHU CHCTEM KOJjUA C€ CACTOJjU OL N XOMOTEHHUX KyTJIUIA UCTOT
MOJIyIPEYHUKA KOje Ce KOTpJhajy 0e3 kim3ama m3MeDhy OBe KOHIEHTpUUHE cdepe OX KOjUX je jemHa
HENOKpETHa, a Apyra nokperHa. [lokperna chepa je HEXOMOreHa, IPU YEMY C€ IEHTAp Maca MMOKJIAIA
ca BEHUM TeoMeTpUjcKuM IeHTpoM. [Ipobaem je ommcan y wermpm pasiamuure KOHUrypamuje. V3se-
IeHe Cy jeqHAaYHEe KpeTama U MOKA3aHO je a CUCTEM IOCedy]je NHBAPUjaHTHY Mepy. JenHaunHe KpeTama
obyxBaTajy Kao MOACIyYajeBe OO cala IMO3HATE ClyJyajeBe KOTpJbarmha YalIurmHoBe JIONTE MO PaBHU
u chepu U BUXOBaA yommrema. Y ciaydajy n = 1 npornabena cy aBa mHTerpabuiHa ciydaja. 3a OArO-
Bapajyhu niaanapaum npobjeM KOTpJ/bama 7 XOMOTEHUX JIONTU m3MeDy maBe paBHU Ol KOjUX je jemHa
HENOKPEeTHA, IaTa je IPOoLedypa WHTErpaluje y KBaApaTypaMa.

Kmyune peun: xeHOIOHOMHU CUCTEMU; KOTPJ/bake 0€3 KIn3ama; NHBEPUjaHTHA MePa; MHTerPabuIHOCT

Bubauorpaduja

[1] V. Dragovié¢, B. Gajié¢, B. Jovanovi¢ Spherical and Planar Ball Bearings -” Nonholonomic Systems
with Invariant Measures. Regular and Chaotic Dynamics, 2022, 27, No. 4, 424-442.

[2] V. Dragovié¢, B. Gaji¢, B. Jovanovié¢ Spherical and Planar Ball Bearings -” a Study of Integrable
Cases. Regular and Chaotic Dynamics, 2023, 28, No 1, 62-77.
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Knacugpukamuja noarpyna 6e3 BUIMIECTPYKOCTH ¥ ITOJIMHOMUjaJIHO
vHTerpabuaHu cyo-PuMaHOBU reone3mcKn TOKOBU

Boxunap JoBamosuh

Mamemamuwru unemumym CAHY, Knesa Muzauna 36, Beozpad
e-mail: bozaj@mi.sanu.ac.rs

Cpban Byrmuposuh

Mamemamuvrku daxyamem, Cmydenyru mpe 16, Leoepad
e-mail: srdjan.vukmirovic@matf.bg.ac.rs

Tujana [ykunosuh

Mamemamurku gaxyamem, Cmydenyrku mpe 16, Leoepad
e-mail: tijana.sukilovic@matf.bg.ac.rs

Auncrpakr. Y pany [ 4] mokasana je xunoresa BorojasieHckor o uarerpabunsoctu OjrepoBux
jemHAUMHA Ne(QUHUCAHUX JIAHOMMA NOArPyIa y ciydajy koMmnakTHux Jlujesux rpyma [ 2]. Uarerpa-
OMIJIHOCT je ONOKa3aHa y HEKOMYTATUBHOM CMUCIY y KJIACU HOJIMHOMUjaJHUX mHTerpasia. llo xumoresn
Munthernka n Pomenka rpeba O4eKMBATH M KOMYTATUBHY HHTEIDAOUIIHOCT y KJIACK IOJIMHOMUjAIHUX
wHTErpaa. Y Ciydajy KaJla UMaMo TOATpYyIe Koje cy 6e3 Bumectpykoctu (multiplicity free) mmm cropo
6e3 BumectpykocTu (almost multiplicity free) KOMyTATHBHM TOJMHOMMjAHU MHTErPAJIM CE MOTY JIAKO
onpemutu | 4]. Ilosnara je xnacupuramuja moaryma 6e3 BUIMECTPYKOCTH KOMIAKHUX JImjeBux rpyma |
3], [ 6]. ¥ [ 5] je mobujena knacuduranuja MOArpyna CKOPo 6e3 BUMECTPYKOCTA KOMIAKTHUX IPOCTUX
JInjeBux rpyma. Pesynratu cy npumemenu Ha cy6-PumanoBe reonesmjcke TOKOBE ne(UHHCAHE JIE€BO-
WHBapUjaHOM AUCTPUOYjOM KOja je y HeyTpaiy rpyme OpTOroHAJIHU KoMiieMeHT JlujeBe momasnrbpe y
omHocy Ha Ow-mHBapujanTHy PumanoBy merpuxky | 1].

Kmyune peun: mekomyTatuBHa wHTErpadmirrocT; xunore3a Mwumhernka nu Pomenka; moaryme Ge3

BUIMECTPYKOCTH.
Tabena 1. Kuacuduranuja noarpyna 6e3 BUMIECTPYKOCTH X CKOPO 6€3 BUIIECTPYKOCTH
KOMIAKTHUX OpocTtux JlmjeBux rpyma
6e3 BUIMECTPYKOCTH (Bn,Dn) (Dn,Bn-1) (An,An_1@®u(l))

ckopo 6e3 Bumectpykoctu  (An, An—1) (A3, A1 @ A1 ®u(l)) (B2,u(2))
(B2, Bi & u(l)) (Bs,g2) (g2,42)

Bubauorpaduja

[1] A. A. Agrachev. Methods of control theory in nonholonomic geometry. In Proceedings of the Inter-
national Congress of Mathematicians, Vols. 1, 2, pp. 1473-1483, Basel, Birkh&user, 1995.

[2] O.I. Bogoyavlenski. Integrable Euler equations associated with filtrations of Lie algebras, Math. USSR
Sb. 49 (1984) 229-238.

[3] G.J.Heckman. Projections of orbits and asymptotic behavior of multiplicities for compact connected
Lie groups. Invent. Math. 67 (1982) no. 2, 333-356.

[4] B. Jovanovié¢, T. Sukilovié, S. Vukmirovié. Integrable systems associated to the filtrations of Lie
algebras, Regul. Chaot. Dyn. 28 (2023), 44-61.

[5] B. Jovanovi¢, T. Sukilovié, S. Vukmirovié. Almost multiplicity free subgroups of compact Lie groups
and polynomial integrability of sub-Riemannian geodesic flows, Letters in Mathematical Physics
(2024)

[6] M. Kriamer. Multiplicity free subgroups of compact connected Lie groups. Arch. Math. 27 (1976)
28-36.
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Complex analytic methods for virtual properties of mapping class groups

Ognjen Togi¢
Mathematical Institute, Universtiy of Ozxford

Radcliffe Observatory, Andrew Wiles Building, Woodstock Rd, Ozford OX2 6GG, UK
e-mail: ognjen.tosic@maths.oz.ac.uk

Abstract. The mapping class group Mod(X) of a closed topological surface X is the group of connected
components of orientation-preserving diffeomorphisms of ¥. These groups are well-studied, however very
little is known about their finite index subgroups. One prominent open problem in this field is a question of
Ivanov: does Mod(X) admit a finite index subgroup with a finite abelianization? Since Mod(X) is the étale
fundamental group of the moduli space M(X) of Riemann surfaces homeomorphic to X, this question of
Ivanov naturally relates to homology of finite covers of M(X). Using this approach, many results have been
obtained in recent years using both Teichmiiller theoretic and complex geometric methods [ 5, 6, 1, 7],
as well as the methods of algebraic geometry [ 3, 2, 4]. In this talk, we will give a general introduction to

the field and present some of these results.

Keywords: Mapping class group; Moduli space; Teichmiiller space
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Loop homology of polyhedral products and Golod rings

Ivan Limonchenko

Mathematical Institute SASA; Kneza Mihaila 36, Belgrade, Serbia
e-mail: iwan.limoncenko@turing.mi.sanu.ac.rs

Abstract. In the 1950s, J.-P. Serre proved that the Poincaré series of a commutative local Noetherian
ring is component-wise bounded by a certain rational function depending on the Betti numbers of the
Koszul complex and the minimum number of generators in the maximal ideal. In 1962, E.S.Golod showed
that Serre’s inequality turns into equality if and only if multiplication and all Massey products in Koszul
homology of a local ring are trivial; such a local ring is called a Golod ring. J. Bakelin proved in 1982 that
the Poincaré series of monomial rings are rational; among the monomial rings there is a well-known class
of Stanley-Reisner rings (or face rings) of simplicial complexes.

In this talk, we will discuss how toric topology allows us to establish combinatorial, algebraic and
topological conditions equivalent to Golodness and minimal non-Golodness of a face ring of a simplicial
complex over any field. We are going to describe these two classes of Stanley-Reisner rings in terms of
their Poincaré series, Koszul homology, and the structure of the Lie algebra on the loop homology of the
corresponding moment-angle complexes. We will see how the theory of spaces with a compact torus action
allows us to obtain topological interpretations of the algebraic properties of Poincaré series and Koszul
homology of Stanley-Reisner rings, as well as to get some new results.

The talk is based on joint work with T.E.Panov (Moscow State University).

Keywords: Polyhedral product, Stanley-Reisner ring, Golod ring, Massey product, Poincaré series.
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On the Trail of Vuji¢ié’s Coordinates-Independent Position Vector Formulation:
Problematizing and Correcting Traditional Divergence and Laplacian Operators

Slobodan Nedié

Independent, retired from UNS FTN
e-mail: nedic.slbdn@gmail.com

Abstract. In [ 1], where the main topic was (re-)affirmation of Vuji¢i¢’s coordinates-independent
formulation of a material point position vector formulation and derivation of the expressions for the tan-
gential and normal accelerations with only second order of the polar coordinates, the problem of the
inappropriateness of the traditional Divergence (and thus the Laplacian) operator(s) has been hinted, as
the repercussion of the position vector representation through only the radial basis vector component. It
has been indicated that the traditional formulation of the divergence operator might be inadequate for
the situation were the radial symmetry is absent and the particular example of the related issue cited |
2]. In this contribution this topic will be further elaborated and the comparison between the traditional
and the rotationally-invariant/classically-covariant spatial derivatives in polar coordinates evaluated for
the examples dealt with in [ 3]. While primarily the Divergence and its extension in the form of Laplacian
operator will be treated, along the Gradient one, the appropriateness of traditional *transformation’ of a
scalar function will be re-examined, whereby additional support will be sought for inn [ 4].

Keywords: Differential Geometry; Spatial Derivatives; Transformation of Coordinates.
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Quantum "dots" and non-Euclidean crystallography on the 200th anniversary of
Janos Bolyai’s absolute geometry

Emil Molnéar

Budapest University of Technology and Economics
e-mail: emolnar@math.bmu.hu

Abstract. My about 40 years old paper | 1| in References had got a surprising actuality in the
Chemistry Nobel Prize 2023 awards for the three Laureates: Alexey Ekimov, Luis E. Brus and Moungi G.
Bawendi.

Of course, the present author of that paper could not guess that time the actuality and importance that
was an incidental consequence of my erroneous paper | 2|, intended to construct an infinite series of non-
orientable compact hyperbolic manifolds, as a polyhedral tiling series in the Bolyai-Lobachevsky hyperbolic
space H?. Fortunately, I observed and improved the mistakes soon. Namely, those constructions were not
manifolds because the two fixed point orbits as punctures, where points reflections (central inversions)
occur in the symmetry group of the tricky polyhedral tilings.

But these singular points, as "quantum dots" e.g. for copper and chlorine ions, respectively, in glass
(silicon) fluid cause light effects (by "electron jumping-leaping") whose colours might depend on the sizes
of crystal particles. That means, the mistake was much more interesting than the original intention that
can be reached easily later!

Keywords: non-orientable compact hyperbolic manifolds; polyhedral tiling series; "quantum dots".
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Capillary motion through a pipe with a variable cross section

Isidora Rapaji¢

Mathematical Institute SANU, Kneza Mihaila 36, 11001 Belgrade, Serbia
e-mail: isidora.rapajic @turing.mi.sanu.ac.rs

Srboljub Simié¢

Department of Mathematics and Informatics, Faculty of Sciences, Dositeja Obradoviéa 4, 21000 Novi Sad, Serbia
e-mail: srboljub.simic@dmi.uns.ac.rs

Abstract. Washburn’s equation is one of the widely used models for describing rise of a liquid column
in vertical narrow pipes. In this work, we extend the existing model by introducing the variable radius.
Similar problem was recently studied in [ 2], but inertial and gravitational effects were neglected.

Governing equation is derived from the momentum balance equation in integral form, under the
assumption of Poiseuille flow and no-slip boundary condition at the pipe wall. We show that asymptotic
approach to equilibrium may be monotonic or oscillatory with respect to the critical parameter. This also
holds true in the case of the constant radius. [ 1] We impose conditions under which certain effects (i.e.

gravity, inertia or viscosity) may be neglected in the scaled equation.

Keywords: capillary motion, viscous fluids, asymptotic analysis
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On generalizations of Eliashberg-Gromov’s theorem

Dusan Joksimovié

University of Belgrade, Faculty of Mathematics, Studentski trg 16, 11000 Belgrade, Serbia
e-mail: dusan.joksimovic@matf.bg.ac.rs

Abstract. Symplectic structure on a smooth manifold is given by a differential 2-form that is closed
and non-degenerate. A famous theorem of Y. Eliashberg and M. Gromov | 1] states that the group of
diffeomorphisms which preserve a given symplectic structure (i.e. the symplectomorphisms group) forms
a closed subset inside the group of all diffeomorphisms equipped with the compact-open topology. This
theorem had a major impact on developing of symplectic geometry, that even V. I. Arnol’d in | 2] referred
to it as the “existence theorem of symplectic geometry”.

In this talk we will try to emphasize that non-degeneracy is not necessary for obtaining C° rigidity in
the above sense. In that direction, we will prove Eliashberg-Gromov’s C° rigidity for Poisson manifolds |
4]. More precisely, we will prove that the group of Poisson diffeomorphisms forms a closed subset inside the
group of all diffeomorphisms equipped with the compact-open topology. The proof relies on the Poisson
version of the energy-capacity inequality [ 3].

If time permits we will discuss other possible generalizations of Eliashberg-Gromov’s rigidity.

Keywords: symplectic diffeomorphism; C° rigidity; Poisson diffeomorphism; energy-capacity inequality.
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Frobenius structure on a restricted (2+1)-TQFT

DusSan Dordevié
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Danica Kosanovié
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Jovana Nikoli¢
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Zoran Petrié

Mathematical Institute Serbian Academy of Science and Arts
Kneza Mihaila 36, Belgrade, Serbia e-mail: zpetric@mi.sanu.ac.rs

Abstract. We consider certain subcategories of 3Cob whose objects are collections of tori. Arrows are
generated by (co)multiplication and (co)unit, together with the action of the mapping class group of torus.
With the help of detected Frobenius structure our goal is to construct TQFTs for such categories. On the
way we manage to distinguish some torus bundles that are not distinguished by Reshetikhin—Turaev and
Turaev—Viro invariants (see [ 1] and [ 2]).

Keywords: (2+41)-TQFT; 3Cob; Frobenius algebra; 3Cob.
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(Non-)existence of Lagrangians in hyperkéihler manifolds

Filip Zivanovic
Simons Center for Geometry and Physics, Stony Brook, NY 11794-3636, U.S.A.
e-mail: fzivanovic@scgp.stonybrook.edu

Abstract. The purpose of this review article is to convey two phenomena, the existence and non-
existence of exact Lagrangian submanifolds inside hyperkdhler manifolds that have holomorphic contracting
C*-actions.

Lagrangians of the first kind, discovered in [ 1], arise as the minima of the moment map of the S*-
parts of the C*-actions. They are exact Lagrangians, which, in the example of 4-dimensional A,,-resolutions
generate the (compact) Fukaya Category. The same is expected in a much bigger generality called hypertoric
varieties.

The non-existence of other exact Lagrangians, pioneered in [ 2] for ADE resolutions (that contain the
aforementioned A,-resolutions), comes from two results: (1) vanishing of a certain Floer-theoretic invariant
called symplectic cohomology and (2) isomorphism between this invariant and its twisted counterpart, for
the different symplectic form, obtained under the hyperkéhler rotation of the former one. Result (1) is
generalised in [ 3], covering in particular all known hyperkihler manifolds with C*-actions. Result (2) is
still conjectural in this generality, but if correct, it would imply for instance that there are no Lagrangian
spheres for all such spaces which are not in the (lowest) dimension 4.

Keywords: Lagrangian submanifolds; hyperkéahler manifolds; symplectic cohomology.
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Nonlocal de Sitter /dS gravity

Ivan Dimitrijevic
University of Belgrade, Faculty of Mathematics,Studentski Trg 16, 11000 Belgrade, Serbia
e-mail: wan.dimitrijevic@matf.bg.ac.rs

Abstract. Nonlocal de Sitter vVdS gravity model is defined by the action

1
167G

S— /M(1 + F(O)VR = 2Ay/—gd's

where F(0) is an analytic function of the d’Alembert-Beltrami operator [ and its inverse O7'. By this
way, nonlocal operator F(0J) is dimensionless. The corresponding equations of motion for the metric g,.
are presented.

We presented and discussed several exact cosmological solutions for homogeneous and isotropic uni-
verse. One of these solutions have properties similar to ones that are usually assigned to dark matter and
dark energy. Some solutions are examples of the nonsingular bounce ones in flat, closed and open universe.
There are also singular and cyclic solutions. All these cosmological solutions are a result of nonlocality and
do not exist in the local de Sitter case.

Moreover, we consider Schwarzschild-de Sit- ter metric of the v/dS gravity model. We present an
approximative solution of linearized equation, which is related to space metric far from the massive body,
where gravitational field is weak. The obtained solution is of particular interest for examining the possible
role of non-local de Sitter gravity v/dS in describing the effects in galactic dynamics that are usually
attributed to dark matter. The solution has been tested on the Milky Way and the spiral galaxy M33 and
is in good agreement with observational measurements.

This talk is based on joint work with Branko Dragovich, Zoran Raki¢ and Jelena Stankovic.

Keywords: modified gravity; cosmological solutions; dark matter; dark energy.

Polytopality of Bier Spheres

Filip Jevtic¢
MI SANU, Belgrade, Serbia
e-mail: filip@mi.sanu.ac.rs

Rade Zivaljevi¢
MI SANU, Belgrade, Serbia
e-mail: rade@mi.sanu.ac.rs

Marinko Timotijevié

Faculty of Science University of Kragujevac, Kragujevac, Serbia

Abstract. Extending the author’s previous work on the politopality of Bier spheres associated to
threshold complexes, we establish that a simplicial complex is a threshold complex if and only if it’s
associated canonical fan is polytopal. Furthermore, utilising experimental experimental techniques, we
show that all Bier spheres on up to 11 vertices are polytopal.

Keywords: Polytopes, Bier spheres, Threshold complexes.
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A goodness of fit test based on the median’s characteristic function

Andela Mijanovié

University of Montenegro, Faculty of Science and Mathematics, Cetingski put 2, 81000 Podgorica, Montenegro
e-mail: andjela.m@ucg.ac.me

Abstract. The probability density function and characteristic function of the median are explored
when drawing a sample from a population with uniform or exponential distribution. The convergence of
the empirical characteristic function to the population characteristic function facilitates the construction
of a goodness-of-fit test, quantifying the disparity between the empirical and population characteristic
functions. Through the implementation of Monte Carlo simulations, a meticulous compilation of critical
values is achieved, subsequently leading to a comprehensive power analysis concerning the goodness-of-fit
tests. This analysis is particularly illuminating when contextualized within the realms of both uniform
and exponential distributions. The outcomes gleaned from this thorough power analysis offer compelling
insights, suggesting that goodness-of-fit tests grounded in the median’s characteristic function exhibit

superior performance when juxtaposed against certain alternative methodologies.| 1]

Keywords: characteristic function, median, goodness of fit test, MATLAB, critical values
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Contribution of Bivariate INAR Models in Modeling Time Series of Counts

Predrag M. Popovié

Faculty of Civil Engineering and Architecture, University of Nis, Aleksandra Medvedeva 14, Ni3, Serbia
e-mail: popovicpredrag@yahoo.com

Miroslav M. Ristié¢

Faculty of Sciences and Mathematics, University of Nis, Visegradska 33, Nis, Serbia
e-mail: miristic72@gmail.com

Aleksandar S. Nasti¢

Faculty of Sciences and Mathematics, University of Ni§, ViSegradska 33, Nis, Serbia
e-mail: anastic78@gmail.com

Abstract. Time series of counts cover broad area of data studied by researchers from various fields
of sciences. After initial development of the univariate integer-valued autoregressive models recent decade
produced significant number of results in modeling bivariate time series of counts. As well as the univariate
models, the bivariate models are composed of the survival and the innovation component. The dependency
between the two observed processes has been achieved through the survival, the innovation or some external
process, and we will discuss all three approaches. The main properties of the models are presented. Special
attention is given to the challenges that arise when the models complexity is increased. The practical
aspects of these models will be considered though some real-life data sets.

Keywords: Times series; BINAR model; Thinning operator;
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To impute or not to? A multivariate goodness-of-fit testing perspective

Danijel Aleksi¢

University of Belgrade, Faculty of Organizational Sciences, Faculty of Mathematics
e-mail: danijel.aleksic@fon.bg.ac.rs

Bojana Milogevié

University of Belgrade, Faculty of Mathematics
e-mail: bojana.milosevic@matf.bg.ac.rs

Abstract. A multivariate normality assumption is a crucial for validity of many methods of statistical
inference. Therefore, there are many proposed statistical tests for testing the mentioned assumption. How-
ever, all of the currently available tests are suitable for complete samples. When the data are not complete,
i.e. some of the values are missing, one needs to adapt the existing methodology to overcome this issue.
Here, we consider several approaches for usage of BHEP test for testing the multivariate normality in the
context of incomplete datasets with various missingness mechanisms. We explore behavior of each of them

for large sample sizes, i.e. asymptotically, as well as for small sample sizes in an extensive empirical study.

Keywords: missing data, empirical characteristic function, weighted L? test
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Estimates for the diameter of planar Brownian motion

Milica Karapetrovié

School of Electrical Engineering, University of Belgrade, Bulevar kralja Aleksandra 73
e-mail: milica@etf.rs

Abstract. Let (Q, F,P) be a probability space. If X is a random variable, then the expectation of X
will be denoted by EX with respect to the given probability P. Let B(¢), where t € [0, 1], be a standard
planar Brownian motion. For 0 < 6§ < 7 we introduce the parametrized range function r given by

r(0) = sup (B(t)-ep) — inf (B(t)-eq),

t€[0,1] te[0,1]

with eg being the unit vector (cosé,sinf). We find the common distribution function F of the random

variables r(#). Namely, we prove that

n=1

for every = > 0.
Let d be the diameter of the set B[0, 1], that is d = diam B0, 1] = sup {||B(¢) — B(s)|| : ¢,s € [0, 1]},
where || - || denotes the two-dimensional Euclidean norm. It is known that

1.601 < Ed < 2.355.

We provide better lower bound for the expected diameter of the set B[0, 1]. Namely, we have the following
result
Ed > 1.856.

Keywords: Brownian motion; Diameter; Distribution.
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Application of resampling methods when testing agreement with Benford’s
distribution

Vesna Rajié
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Abstract. Benford’s law is a statistical methodology that quickly and efficiently locates suspicious

positions and figures in large dataset. This law can be used to detect anomalies, errors or frauds in different

data sets, especially in financial reports of companies. Benford’s law claims that leading digits from 1 to 9

appear in a decreasing logarithmic law. It means that the digit 1 appears the most frequently, followed by

two, three, etc. The digit 9 has the smallest frequency according to this law. In this paper we investigate the

conformity of an empirical distribution of observed real data with the Benford’s distribution. In addition

to the tests that are presented in the literature (z-test, chi-square test, Kolmogorov-Smirnov test, MAD

test) the application of resampling methods is suggested. The main goal of the paper is to present an

application of the bootstrap tests as well as the permutation tests for checking conformity with Benford’s

law and to indicate their comparative advantages and disadvantages.

(1]
2]
3l

4]
5]

Keywords: Benford’s law, Data manipulation, Statistical tests, Resampling methods
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Statistical causality and separability of stochastic processes in continuous time

Dragana Valjarevié¢
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Ljiljana Petrovié
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Abstract. In this paper we consider the statistical concept of causality for continuous-time stochastic
processes. This concept unifies the nonlinear Granger causality with some of the related concepts (see |
1, 2, 3|). This concept of causality is shown to be closely related to the notion of the extremality of
measures and the martingale problem (see [ 4, 5]).

The idea of separability is to make a countable set of time points serve to determine the properties of
the process. Sufficient conditions for a stochastic process to be separable are not easily formulated. What
we can easily do is to go from one process, which may or may not be separable, to a separable process with
the same finite-dimensional distributions.

The main results of this investigation show that separability is directly related to causality concepts.
More precisely, we provide necessary conditions, in term of statistical causality, for the o-algebra and the
space LP(Q), G, P) to be separable (see [ 6]). The concept of statistical causality is related to the notion
of separability of stochastic processes, especially martingales.

Keywords: Stochastic process; causality; extremal measure; separability.
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On a new class of tests for the Pareto distribution using Fourier methods
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Abstract. We propose new classes of tests for the Pareto type I distribution using the empirical
characteristic function. These tests are U and V statistics based on a characterisation of the Pareto
distribution involving the distribution of the sample minimum. In addition to deriving simple computational
forms for the proposed test statistics, we prove consistency against a wide range of fixed alternatives. A
Monte Carlo study is included in which the newly proposed tests are shown to produce high powers. These
powers include results relating to fixed alternatives as well as local powers against mixture distributions.
The use of the proposed tests is illustrated using an observed data set.

Keywords: Empirical characteristic function; Goodness-of-fit testing; Pareto distribution; V and U
statistics
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based on Granger’s definition of nonlinear causality [ 2|. It will be shown that the given concept of causality

[ 1, 2] preserves some of the important properties of stochastic process when the filtration is getting larger,

Causality, optional and predictable projections
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Abstract. We consider statistical concept of causality between filtrations in continuous time which is

such as martingale, optional and predictable property.

theory of stochastic process; they are closely related to ordinary and generalized conditional expectations.
The connections between the given causality concept and the optional projection and the predictable
projection of the stochastic process will be presented [ 3]. Some of the results show that the (self-)causality

implies indistinguishability of the optional (or predictable) projections with respect to the considered

Optional and predictable projections of stochastic processes are two important concepts in the general

filtrations from the ones with respect to the larger filtrations [ 3].

Keywords: Granger’s causality; stochastic processes with continuous parameter, filtrations, optional

projection, predictable projection
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Connections between Causality and Measurable Separability of o-algebras
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Abstract. The measurable separability of o-algebras is defined in [ 1]. We will give a generalization
of that definition for flows of information represented by filtrations. Some of the properties of measurable
separability, that are directly connected to the concept of causality in continuous time [ 3, 2|, will be
considered. Also, we will show some connections between measurable separability of o-algebras or filtrations
and other known notions from the theory of stochastic processes [ 4].

We will apply the concept of causality on Bayesian experiment to prove its measurable separability.
The main question in the theory of Bayesian experiment is: may the given Bayesian experiment be 'reduced’
by marginalization or by conditioning and how far does such a reduction lose no ’relevant’ information.

This problem will be considered in view of the principle of conditioning.

Keywords: filtration; causality; measurable separability; Bayesian experiment.
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On a two-sample test for equality of matrix distributions based on Laplace
transforms

Zikica Lukié
University of Belgrade, Faculty of Mathematics, Serbia
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Abstract. Recent results concerning statistical testing in the cone of symmetric positive definite matrix
distributions have mainly been focused on orthogonally invariant distributions. A goodness-of-fit test for
the Wishart distribution was presented in [ 1], while a two-sample test for equality of orthogonally invariant
distributions was studied in [ 2].

In this talk, our attention will be on a novel two-sample test for equality of positive definite matrix
distributions, which may not necessarily be orthogonally invariant. This test is constructed as the integral of
the squared difference of the empirical Laplace transforms with respect to the noncentral Wishart measure.

Additionally, we will present a power study conducted using the warp speed bootstrap method. Fur-
thermore, we will demonstrate the applicability of the test through two real data examples. Finally, we
will discuss potential generalisations of this approach.

Keywords: noncentral Wishart measure; Laplace transform; equality of distributions; application in

finance.
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Robust bi-objective mean-CVaR portfolio selection: applications to energy sector
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Abstract. A new approach to optimizing or hedging a portfolio of financial positions is presented and
tested with applications to energy market. Motivated by uncertainty in the estimation of problem data
we consider robust bi-objective optimization problems with mean and conditional value-at-risk objective
functions where the underlying probability distribution of portfolio return is only known to belong to a
certain set. To tackle the problem of uncertainty we consider two different approaches: in the first one,
uncertainty is represented by an elliptic set centered at the sample estimators of mean and covariance
matrix; in the second one, uncertainty takes into account experts beliefs. For both approaches, we derive
analytical semi-closed-form solutions for the worst case mean-CVaR portfolio; in addition, we provide a
characterization of the location of the robust Pareto frontier with respect to the corresponding original
Pareto frontier.

Keywords: robustness; multi-objective portfolio selection; Conditional Value-at-Risk; efficient frontier;
energy portfolio

www.smak15.matf.bg.ac.rs 107



O6uaact 5: Beposaruoha u crarucruka, Teopuja uadopmanuja, Ananuza momarakxa

Objective analysis for generalized exponential distribution
based on records with applications
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Abstract. This work examines an objective Bayesian analysis for Generalized exponential distribution
parameters using record data. Focus was specifically on the objective priors within the record framework,
including the probability matching priors, Jeffrey’s prior, maximal data information (MDI) prior, and
reference prior. Taking into account each prior in turn, the suitability of posterior is carefully analyzed.
The estimator with the best performance indicators is found through a simulated research. Also, in this
research, we study the application of Bayesian point predictors of order statistics from a future sample,
which are based on the values of the kth lower record from a generalized exponential distribution. Lastly,
we used an actual set of data to apply all methodologies that were provided.

Keywords: objective priors, interval prediction, point prediction, order statistics, kth record values,

generalized exponential distribution.

One integral transform of the copula function

Bozidar V. Popovié
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Abstract. We study an integral transformation of the copula function. We prove that under certain
conditions, the studied integral transformation is also the copula function. Some properties of the integral
transformation of a copula function are studied. Also, we derive bounds for Kendall’s tau and Spearman’s

rho.
Keywords: copula function, integral transformation, dependence.
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Service rate-based analysis of two-phase single-server queueing system with
hypoexponential customer service time
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Abstract. In this paper, we analyze the cost function of a two-phase single-server queueing system

with Poisson input stream and hypoexponential customer service time. In stationary mode, the explicit

form of the cost function is obtained and the points at which the function reaches an absolute minimum, are

found. In the rest of the paper, additional sensitivity analysis of the optimal solutions of the cost function

is done. At the end, some conclusions from the conducted analysis are presented through a comparative

analysis of different forms of relationships between customer service intensities in terms of service speed

changes in each phase.

Keywords: Poisson input stream; hypoexponential service time; cost function; optimization; sensitivity

analysis.
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On Circular Density Estimation - Fejér Kernel Approach
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model for circular data is considered here for the first time.

Keywords: Fejér polynomials; circular data; Berkson error.
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Density estimation is one of the most important problems in nonparametric statistics,
mainly due to its applications. However, in the case of circular data, it is insufficiently explored. Here we
aim to fill in this gap by exploring the use of Fejér kernel in the context of density estimation. We present
some theoretical and empirical properties of such estimators, both in the classical setup, dealing with a
random sample of circular data, and in the presence of the measurement error. The case of Berkson error
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IToGosmmiame 0O0pa3zoBHOT yuewma: OnTuMmu3npame reHeTCKUX
asiropuTaMa ¢ HeypoHCKuM Mpexkama y MATJIAB-y
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Ancrpakr. Vcrpasxkusame yMjeTHe HHTEIUICHIje 00yXBarTa ABUje IPUMAaPHE METOMOJIOTUje: CUM-

GOIII/I‘{I{Y 1 KOHEKOUOHUCTUYKRY, O KOjI/IX CBaKa HYIV DpAa3Ju4uuTe IOyTeBe OO0 KOTHUTUBHOI MOOEJIV-

pama. CuMOONMUYHN TPUCTYI TPOyUABa CIO3HA]y 0e3 OMOJIONIKUX OTPaHUYEHa, JOK KOHEKIMOHUCTUYKA

nmapagurMa oapajkaBa apXUTEKTYPY MO3Ta KPO3 YMjeTHE HEYPOHCKE MpPErKe. Y MjeTHE HEyPOHCKE MPeKe

KOju ce cacToje ox MehycoOHO mOoBe3aHNX YBOPOBA CUMYJIUPA]Y IIPUJEHOC MOAATAKA CINYAH OMOJIOMIKAM

veypornuma. OBaj pan ce 6aBU ONTUMU3AIM]OM I€HETCKUX AJTOPUATAMA Y KOHTEKCTY IPUMjEHE YMjeTHE

uHTenUreHnuje y obpasosamy cryunenara kopucrehu MATIIAD untepdejc. Hama crynuja nma 3a nuib

Ia Ipenu3upa ampoOKCUMAalrje TeHEeTCKOT ajJrOpUTMa, oJakmaBajyh naTerpannjy y oOpasoBHe Ipakce.

Osaj monyxBar obehasa ymampebeme memaromimx MeTonosoruja Kpo3 (y3mjy TEXHUKA yMjeTHE WH-

TeJUreHnuje. 3HAYAjHO, pedepeHne HPYyXKajy Aabd YBHAL y CPOJHA IOJba, Kao IITO CYy HEypo-(hasu

cucTeMu, KOHTPOJA HpOjekTa u mpuiarobhapame mapamerapa y cuMmynamujama. OcuMm Tora, pamgoBu

KOJU UCTPaKY]y Heypo-($a3u KOHTPOJIY M KIACUYHU PANOBY U3 PAYyHAPCTBA Aajy MHPOPMALUjy O CM-

jepy Hamer ucrpakuBama, OONPUHOCENW HAIPETKY yMjeTHe MHTeNUreHIuje y 00pa3oBamy.
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Ancrpakr. Y OCHOBM MOZEPHUX KOMIMJIATODA HAJa3€ Ce ONTUMU3AIU]e KOje yTUIy Ha BpeMe
KOMIMJIANNjE U HA BpEeMe M3BpIIaBama nporpama. Y ($a3m pa3Boja, eBajyanuja yTULAja OITUMI3AIN]Ee
ce BpmM Ha 04a0PAaHOM MOACKYIy CKyna pedepentHux nporpama (enr. benchmarks) [ 1], nok ce xom-
IJIETHA CBAJIYAlja BPIIYU IEPUOANYHO (Ha IPUMED, jeIAHIYT HEJEJbHO) MM TEK HA CAMOM KPajy pa3Bo-
JHOT mUKJIyca. 3a U3BPIIABAKE €BAJIyallje Ce KOPUCTE MoceOHe MAIIMHE Ca II0ACMIABAKLUMA KOja UMAjy
3a OuJb O3 MUHUMU3Yj]y yTHUIA] CIOBANIBUAX eperaTa XapABepa U ONePATUBHOI CUCTEMAa Ha KBAJUTET
pe3yJiTaTa came eBaJjyalluje.

Y oBoM pamy ommucyjeMo m3abpaHe IpOjeKTe y OKBUPY KOjUX Ce€ pa3BHUjajy ONTUMU3AIMje 38 KOM-
munarop GraalVM [ 2] m mokasyjeMo Kako cMamyjeMO BpeMe eBasyanuje y3 moMoli muctpubyupasor
u3BpHIaBama peepeHTHNX IporpaMa Ha padyHapPCKOM KiacTepy koju ce cacroju on 100 cepsepa npu
yemy cBaku uma ox 4 mo 18 jesrapa. 3a morpebe mesuMuYHE eBajlyalrje TOKOM Pa3BOJHOI LIUKIYCA,
IPY:KaMO U KOHPUTYDPAIMjy KOja Ce MOyKe IPUMEHUTHU Ha JIOKAJIHO OKPY:KeHe PalU eJUMUHAIje YTU-

naja CIOJHUX (AKTOpa HA KBAJUTET PE3yJITaTa.

Kmyune peun: Komnuinaropu, esanyamnuja, Java, Graal, muctpubynpano U3BpIIaBakhe
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Computer solution of an arithmetical problem
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Abstract. Consider the following problem from elementary algebra| 1]: given the number n, determine
all decimal numbers @,an,—1...a1, a, > 0, such that a,a,—1...a1 = Z?:l ai’. For example, if n = 3, then
371 = 3% + 7% + 13. The author gives some solutions for n < 10, and asks if there are solutions if n > 10.
Cominatorial explosion makes the solution of this problem difficult for n > 10. Another difficulty arises
because the solution demands multyprecision arithmetic. V. Jankovi¢ and M. Zivkovié [ 2] show that there
are solutions only if n < 60, and reduce the problem to find the numbers n; = |{i: a; = j}|,0< j <9,
such that Z?:o n; = n and the number od decimal digits j of Z?:o n;j" equals to n; for all 0 < j < 9.
They list all the solutions for n < 25, obtained by backtracking algorithm, and show that the smallest n
for which there are no solutions is n = 12. Here we give details and consider some improvements of the
algorithm.

Keywords: multiprecision arithmetic, elementary algebra, backtracking.
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Dynamical simulations and bisimulations between weighted finite automata over
the field of real numbers
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Abstract. Weighted automata belong to the basic computation models in computer science. They can
be understood as an extension of conventional automata in which transitions and states carry numerical
or other values of different types, called weights. We will investigate simulations and bisimulations for
weighted finite automata that take weights in the field of real numbers. Basic properties of simulations
and bisimulations for weighted automata over real numbers will be presented. The proposed concept of
bisimulations is compared with other concepts of bisimulations for weighted finite automata over the field

of real numbers that can be encountered in the literature (cf. [ 1, 2, 12]).

The problem of testing the existence of simulations and bisimulations for automata over real num-
bers, their modeling in time-varying case and their computation is discussed. Theoretical background
of the investigation is given in [ 6], in the general context of weighted finite automata over a semiring.
Forward-backward bisimulation (fbb) and backward-forward bisimulation (bfb) between two weighted finite
automata (WFA) require a certain system of homogeneous Sylvester equations and two vector equations.
In this way, the problem is transferred to linear algebra models over the real numbers. These systems of
vector and matrix equations have no solution in the general case. Our intention is to apply continuous-time
dynamical systems known as the Zeroing Neural Network (ZNN) approach to solve approximately such
vector-matrix systems. Zhang Neural Network or Zeroing Neural Network (ZNN) dynamics has been pro-
posed in 2001 for solving time-varying problems. The ZNN’s architecture is based on setting each element
of to 0. This is accomplished using the continuous-time learning regulation that arises from the establish-
ment of error matrix or vector equations, known as error functions. Applying block matrix representation
of involved error functions in common with the vectorization and the Kronecker product, it is possible
to transform the model based on systems of vector and matrix equations into a single system of linear
equations with mass matrix given in block form. Then the solution of generated system of linear equations

is obtained using the matrix pseudoinverse.

On the other hand, forward and backward simulation between WFA is based on certain systems of
matrix and vector inequalities. Typically, such systems of inequalities possess infinite number of solutions.
Usage of ZNN dynamics is usable for choosing the optimal solution. In this way, approximate solutions
are considered in time-varying form. Proposed models are able to determine approximate solutions or to

choose best solution between an infinite number of possible solutions.
The structure of developed ZNN models is based on composite models with various matrix or vectors
error functions. Based on its global convergence without conditions, the proposed ZNN dynamical system is

aimed to force the convergence of involved error functions to zero. Strategy of development of ZNN dynamics

based on several error functions has been exploited in several research papers, involving [ 5, 6, 7, 8, 9].
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Convergence analysis of proposed dynamical models is considered. Numerical examples are performed

with different initial state matrices.

Keywords: Weighted finite automata, zeroing neural network, simulation, bisimulation, Sylvester

matrix equations.
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Abstract. Simulation and bisimulation relations are powerful tools used in many areas of computer
science to match moves and compare the behaviour of various computing systems, such as labelled transition
systems and automata, as well as to reduce the number of states of these systems. By moving from
traditional Boolean-valued systems to quantitative ones, a need arise for both simulations and bisimulations
to be quantitative, to be modeled with matrices whose entries should provide a measure of the connectivity
of states of the considered systems.

Our approach consists of defining quantitative simulations and bisimulations as matrices that are
solutions of certain systems of matrix inequalities and equations. Such an approach was applied for the
first time in [ 4], where quantitative simulations and bisimulations between fuzzy finite automata were
introduced and their basic properties were examined, while in [ 5] algorithms were developed for testing
the existence of simulations and bisimulations of a given type. The same algorithms compute the greatest
simulations and bisimulations, in cases where they exist. Then the same approach was applied to the study
of simulations and bisimulations for non-deterministic automata [ 3], weighted finite automata over an
additively idempotent semiring [ 8], and max-plus automata [ 7], as well as for weighted finite automata
over an arbitrary semiring [ 6], which encompass all the previous ones. It turned out that almost identical
methodology can also be applied to social networks [ 9] (in positional analysis and blockmodeling) and
Kripke models of fuzzy multimodal logics [ 10, 11].

Here we use the same approach in defining simulations and bisimulations for weighted finite automata
over the field of real numbers. We will present the basic properties of simulations and bisimulations for this
type of weighted automata and show that there are important differences in comparison with the previously
mentioned types of automata. We will also compare our concept of bisimulations with other concepts of
bisimulations for weighted finite automata over the field of real numbers that can be encountered in the
literature (cf. [ 1, 2, 12]). The problem of testing the existence of simulations and bisimulations for this
type of automata and their computation will be discussed in a separate lecture.

Keywords: Weighted finite automaton, containment problem, equivalence problem, simulation,

bisimulation, matrix inequations and equations.
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Abstract. Radiotherapy is crucial for treating tumors, but achieving effectiveness while minimizing
damage to surrounding healthy tissue presents significant challenges. In this research, we present novel
methods for automatically selecting a proper set of parameters to address these two opposing criteria:
achieving maximum radiation homogeneity and minimizing exposure to organs-at-risk (OARs). Our re-
search is based on the FOTELP-VOX program (author R.Ili¢), a Monte Carlo technique that determines
electron dose distribution in voxel-based transport simulations utilizing patient anatomy obtained from
CT images.

Researchers utilize simulations to test various scenarios in radiation therapy to mitigate poten-
tial health consequences for patients. Finding the optimal scenario for each patient is crucial yet time-
consuming, often relying on a manual trial-and-error approach with loose guidelines. This type of problem
is well-recognized and falls within the class of optimization problems such as the traveling salesman and
scheduling.

We enhance the current methodology using standard optimization techniques like random search, as
well as advanced techniques including Bayesian optimization (BO) and genetic algorithms (GA). Our goal
is to efficiently search the parameter space to find the closest solution to the existing AAA electron dose
calculation model.

Keywords: Voxel-based simulations; evolutionary optimization; Bayesian optimization; Monte Carlo
techniques
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Abstract. This research work introduces an encryption algorithm for image cubes, which is under-
pinned by hyperchaotic systems formulated from complex differential equations. The sensitivity to initial
conditions, a fundamental aspect of chaos theory, has been expanded into the hyperchaotic domain to
facilitate effective multidimensional encryption. The algorithm’s complexity has been enhanced by the in-
tegration of Linear Feedback Shift Registers (LFSRs) and DNA coding sequences. Secure pseudorandom
sequences are provided through the use of LFSRs, and additional cryptographic depth is introduced with
DNA coding. This combination has resulted in a robust encryption mechanism that ensures the confiden-
tiality of data and resilience against advanced computational threats. Superior performance in entropy,
key sensitivity, and resistance to statistical attacks has been demonstrated by the proposed encryption
approach, establishing its suitability for the protection of volumetric image data [ 1, 2|.

Keywords: Chaos Theory; Cryptography; DNA Coding.
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Abstract. This paper presents the implementation of a calculator of certain special mathematical
functions in the form of an efficient web application with a simple and intuitive GUI (graphical user
interface). The objective of this application is to enable accurate numerical approximations of the most
frequently used special mathematical functions in engineering and science, eliminating the necessity to
acquire additional notational knowledge or programming languages syntax experience. The investigation
can be divided into three larger units. The initial section offers a theoretical introduction — the functions
whose approximations are implemented are defined and the formulas used for their approximation are
given. For the time being, this application provides approximations for the following special mathematical
functions: Bessel functions of the first kind, gamma and beta functions, and some orthogonal polynomials
— Legendre, Laguerre, Hermite (physicist’s and probabilistic) polynomials, Chebyshev polynomials of the
first and the second kind, as well as Jacobi polynomials. The middle section presents a description of the
computer implementation — an overview of the used technology and implemented algorithms, while final
section includes an overview of the application and discussion of the solution, as well as a comparison with
existing software which provides same features as the subject application. At the end, it is pointed on
improvements regarding existing software, as well as on development directions.

Keywords: special functions, orthogonal polynomials, gamma function, numerical approximations,

numerical calculator

www.smak15.matf.bg.ac.rs 123



O6sact 6: Pauynapcke Hayke

Beyond simple thresholding: using tracklet information to improve selection of
true positive detections for multiple object tracking

Vukagin Stanojevié

Faculty of Sciences and Mathematics, University of Nis, Visegradska 33, Nis
e-mail: vukasin.stanojevic@pmf.edu.rs

Abstract. State of the art multiple object tracking (MOT) algorithms typically follow tracing by
detection paradigm, in which detection and association are performed in separate steps. Selecting only
true positive detected bounding boxes for association is one of the problems which remains largely un-
solved. Existing methods usually rely on simple thresholding to discard detected bounding boxes with low
detection confidence scores and recent methods (e.g. [ 1, 2|) have applied two-stage association to use
low-confidence detections and remaining tracklets in the second stage. However, recent papers discussed
the shortcomings of the two-stage association [ 3, 4]. In our research, we expand the idea of boosting de-
tection confidence of likely objects from BoostTrack | 4]. We experiment with different similarity measures
in addition to intersection over union (shape, Mahalanobius distance, visual embedding) for increasing the
detection confidence of bounding boxes where an object is likely to be. Furthermore, we introduce varying
thresholds for increasing the detection confidence depending on the number of timesteps elapsed since the
last association. We perform experiments on MOT17 [ 5] and MOT20 [ 6] datasets to demonstrate the
effectiveness of our methods and achieve improvements in the MOTA metric indicating that our method
increases the number of true positive detections used.

Keywords: multi-object tracking; detection confidence; tracking by detection.
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Abstract. The large number of sequenced isolates of the coronavirus family represents a massive
sample for various bioinformatics experiments, including research of genomic variability and research of
different data modeling techniques. The goal of our research was to use data mining techniques to determine
correlation between codon usage and different types of viruses and proteins. The material includes 980,554
isolates with 15,573,303 coding sequences (proteins) of 7 coronavirus types. Material was downloaded from
NCBI (26.05.2023.). Individual coding sequences containing ambiguous nucleotide codes were eliminated.
As a measure of codon usage various measures (RSUC, ENC, RCBS, codon frequencies, and others) were
used. We have tested different classification and clustering algorithms to construct models based on the
used measures. The results we obtained showed that codon measures can be used to construct prediction
models that predict the type of virus or protein with very high accuracy (from 96.3% to 99.9%). The
clustering of the material used led to a separation of records that is very close to the natural clustering by
protein type.
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OnemuBame yYeHNKA y HACTAaBM MaTeMaTuKe (IIeJArolika IIpakKca)
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Ancrpakr. Oneny Tpeba CXBaTUTH KaOo Pe3yJTAT YIO3HABAHWA pPa3BOja Y BPEIHOBAMA 3HAA
(yrmyuyjyhu ymema u HaBuKe), 3ajarama U akTUBHOCTH ydeHuka. OueHa u3 maremaruke tpeba na
1“3pasy CTBApHU yCIexX IOjequHOr y4eHHUKa y yuemy Beh TpeGa na Oyne Bamana (Ia mOKasyje y Kojem
CTelleHy je yUeHUK yCBOJUO MPOIMMCAHU 00aBe3HU nporpam), o0jekTuBHa (Ja 3aBUCH CAMO O IOKa3aHUX
nocturayha, a He o1 Cy0jeKTUBHUX yTUCAKA HACTABHUKA WM MPUPOIE MHCTPYMEHATA KOJUM Ce BPIIN
OLEHUBAKE) U MOY3MaHa (a Ceé 3a UCTU CTEMEH YCBOjJEHOCTU MPOTPAMCKHAX CAIP/KAja y TMOHOBJLECHUM
onemuBamuMas bhox apyror macTaBHUEA MM HEKOM OGjeKTUBHOM MeTonoMB hbhmobuje mcra omena).
Y pany ce METOXOJOUIKA M3 IEeJArollKe IPAaKCe M3JIaKy OOJUIU U METOLE OUCHUBAHA, OPIaHU3AIN]a,
yTBpDuBame oneHa, KpUTEPUjyM U HOPME ONeHhUBakha, O TPOOIEMUMa ONEHUBAKHA Y EIATOMIKO] MPaK-
CU U JIMYHOCTY HACTABHUKA.

Buhe uznoskenn npumepu 601 cucTeMa ONEHUBAKA HA OCHOBY KBAJUTETA PALA YUCHUKA Y MOTIIE Ty
pa3Boja KPUTUYKOT MUIIbEHA W yCBOJEHOCTH 3HAKA CTEUYEHOT HA OCHOBY PAa3yMeBarma U HPUMEHY ¥
morJiey pemaBama TPOOIEMCKAX CUTYANNja U3 KUBOTA.

ITocebuno he Outu peun ca mpumepmMa 0 TpOLIEMUMa OLCHUBAKA Y HACTABHO] IIPAKCHU, U €KCIIep-
uMeHTaJHOr 60x cucrtema onewmuBama y Hacrasu y OIIl K. Ilerposuhi c¢. Kpymesuna u OII B.
Muneunkosuh c¢. Mlumasa, CO-e Bunacorunue, Cpbuja. OBy TeMy ca JIUYHUM EKCIEPUMEHTOM CaM
u3Jjlarao Ha JOBa MareMaTWdka KoHrpeca, Ilemaromka npakca aucrta IIpocsernu Ilperaen u myGauko-

Bao y meronckoj kmusu MATEMATUEKO MOJA (Ilemaromka mpakca).

Kmyune peun: onemuBame; OleHa; yCIeX; KPUTEPUjyM; IPUIOT.

Bubauorpaduja

[1] Mp C. Ilerposuh, J. Mapruh, M. IlerxkoBuh: /IunaxkTryko-eTOACKM IPUPYUHUK 38 HACTABY
maremarure (V-VII) paspena, 3ason 3a yubenure, Beorpan, 1983.r., crpana 71-75;

[2] Jb. Bymosuh: Pa3ssujame naTEpECa 1 CTBAPAIAYKOT PaJa y HACTABU U ONCHUBAY MATECMATHUKE,
oubamorera caBpemena Hacrasa 0p.4, Ilkosncka kmura 1967.r., crpana:90-93; u paspen, auct
IIpocBernn nperiern

[3] Mupocnas Muaanenosuh: 8 bHO onemmpamy ydueHMKa y HACTABM MATEMATUKE W IIPUMEPU U3
neparoutke npakce, CAOIIIITEIE ca VIII konrpeca maremaruyapa u ¢usndapa Jyrocuasuje
(IIpumruna 2327 cenremGap 1985. roguse);

[4] Mupocias Muiuaanenosuh: OnemuBame ydeHUKa y HACTABA MaTeMaTUKE OCHOBHE IIKOJIE
(memaromka npakca), CAOIIIITEILE na 9. maj kourpecy maremarudapa Jyrocuasuje (CAOII-
IITEILE, Ilerposan na Mopy, Llpra ['opa) 22-27 maj 1995. roxuse.

[5] Mupocaas Muaanesoeuh: TOIUINTHBY TECT 3HABA (7.p.).3AOAIIM OBJEKTUBHOTI!
TUIIA, IIpocserau pernen IEJATOIIKA ITPAKCA, 6p. 424, 2000. roauue;

[6] Mupocaas Muaanenosuh: sBbHllpsn nmucmenn samarak u3 Maremaruke (ca 0OJ CHCTEMOM)
Bbbhocmu paspen, muct [Ipocserrnu Ilpermen, 6p.449, 2000.r;

[7] Mupocamas B. Muaanerosuhh Mupan (AYTOP-U3IABAY):MATEMATUKO MOJA
(Hegaronn{a npakca) 2015.r., unanak OIUEILUBAILE YYEHUKA Y HACTABUM MATEM-
ATUKE (Ca ocBpToM Ha KOHKPETHY TIPAakKCy), crpana:244s8bBh 276.
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IITra je MaremaTuuyku TtajieuT?

Bojucaas Annpuh

Mamemamuuru xayb HAvodarm, Bamveso
e-mail: voja.andric@gmail.com

Hopbhe TlN'onyGosuh

13. beozpadcka zumnasuja, bBeozpao
e-mail: g0lub@yahoo.com

Ancrpakr. MareMaTuyky TaJIeHT je jeAMHCTBEH MATEMaTUYKU IIOPTAJ KOjU je BeOMa KOPUCTAH
3a HACTABHUKE U HACTABY MaTeMaTUKE.

IToprau je mocryman Ha angpecu: https://matematickitalent.mk/

ITopraxa ,,MaTtemaTuuku TajdenT” caap:KuU IeJUHE KAO ITO Cy HACTABHU IPOTPAMU, UIAHIN, KELUTE,
TAKMUYEHA..., & CBAKA OJl OBUX MEJOBA jé CUCTEMATUYHO MOMAEJHEH IO MATEMATUYKAM AUCIUIIIMHAMA
(amre6pa, reomerpuja, Teopuja GpojeBa, KOMOMHATOPUKA, UCTOPUja MATEMATHKE...) W JaT je Ha 6ap
nBa - Tpu HuBOa (yueHunm Miuabux paspena OCHOBHe WIKOJE, YUYEHUIU CTAPUjAX Da3pena OCHOBHE
HIKOJIE, CPEIHOMKOJIIIN).

Ilopran je mamemeH O0mapeHMM YUYEHUIIIMA ¥ HACTABHUNMMA KOJU Ca HBUMA Pamge, IMTO MO-
Ipa3yMeBa BeJNMKe MOTyNHOCTU KOpuIIhema MaTepujajia 3a CAMOCTAJHU DAl YUEHUKA, IOIATHY HAC-
TaBy MATEMATUKEe, IPUIPEMY 3a MATEMATUUKA TAKMUYEHA W Ipyre OOJMKe paja ca TAJeHTOBAHUM
yuenunuma. Canp:kaj mopraiga Moske OUTU BeOMa KOPUCTAH U 334 CTYAEHTE MaTeMAaTUKE, PEIOBHY HAC-
TaBy MaTeMaTWKe, CTPYYHO - MeAArONIKO yCaBPIIABAIKHE€ HACTABHUKA. ..

Ayrop, anpa u omera noprasa je upod. ap Pucro Mamnueckn uz Cronja.

Ium oBor caommrema je ma ce mopran ,Maremaruuku TameHT’ TPUOIMEKN CIIYIIAONMMA OBOT
CaONINTEH A U IPEHOPY YN 38 yIOTPeDy Yy PA3HUM HACTABHUM U BAHHACTABHUM CUTyalujaMa, [a Ce YKaKe
Ha OTBOPEHOCT IOPTAaja 3a HOBE CAPAIHUKE U HUXOBE MPUJIOre U YIyTU HAJIIMPU MO3UB yUYECHUIUMA,

CTYyOCHTVMAa 1 HaCTaBHUIMMAa Oa KOPUCTE IIOPTAaJI.

Meromuka HacTaBe MaTeMAaTUKE Yy CHenujajau3oBaHuM onesbembumMa OITL
npu MI' - 20 romuaa MCKycTBa

Muwupjarna Karuh

Mamemamuuka eumnasuja, Beozpad
e-mail: mirjana.katic@mg.edu.rs

Ancrpakr. Y 0BOM KpPaTKOM M3JIaralmy NeMO MpencTaBUTU IPUCTYIE U CABPEMEHEe MeTOIe Paa
Ha PEeIOBHOj HACTABU, KAO U HA IOMIATHO] HACTABU, Y Paly Ca TAJEHTOBAHUM yUYEHUIMMA, KOju moxabhajy
7. m 8. pazpen y CHenujajn30BaHUM OICJLEHUMa OCHOBHE IIKOJEe npu MaTeMaTudKo] TUMHA3UjU.

Tarobe, npencraBuhemo m KoMeHTapUCaTH HBUXOBA MOCTUTHYa, a MOCEOHO yclexe Ha 3aBPITHUM
nomahuM u MehyHApOAHUM TaKMUUEHUMA.

Ha kpajy hemo martum Heke KOHCTPYKTUBHE TPEIJIOTE yV MUbY MOOOJBIIAKA YCIOBA Pala HACTABHUKA

U y4YeHUKA.
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Ila nu macraBy MareMaTuke Tpeba ocaBpeMeHUTu?

Bojucaas Amnpuh

Mamemamuuru xayb HAvodarm, Bamveso
e-mail: voja.andric@gmail.com

Amncrpaxkrt. Y HacraBu MareMmarnke y CpOuju, a 4YnHU ce U y OKPYKemy, Beh neneHnjaMa ce HAmrTa
3HAYAJHO HE MEHa U HACTABOM (IO CBOj IPUWJINIM) U Aajbe HAPY]y (pPOHTAIHK OOINK Pana, IpeaaBavKa
MeTOJa U HAaCTaBHU IPOTrPaAMM KOJU Cy CaMO (POPMAaJHO OJ 0OPa30BHO-BACIUTHUX IUJHEBA U 3aJaTAKA
YCMEPEHU Ka CTaHAAPANMA, OOPA30BHUM HUBOMMA U UCXOMUMa (UMjy pean3alljy yrJIaBHOM HUKO He
IpoBepasa).

Y mebyBpemeny ce mecuso MHOIO TOra, IITO je CUTyalujy y 00pa3oBamy U y HACTABU MaTeMaTHUKeE,
y CBeTy, a 1 KOJX HAC, TeHePAJHO IIPOMEeHNI0. Benuka npomena ce ogurpasna y chepu ynorpebmuBocT
MaTEeMATUYKUAX 3HAWa [Ie BUIIe HUKOTA HE WHTEpecyje PenpoayKTuBHa MON yueHuka (KOjy U masbe
popcupajy Hama ekcTepHa IpPOBepaBama U UCTPaKUBamba), Beh (yHKIMOHANHE MaTeMaTUUKe CIOCOD-
HOCTU ¥ pemnaBama npobiema (koje mcnuryjy MebyHapomna umcrpaskuBama). He mame mpomene cy
IpUCYTHE y chepy HACTABHUX TEXHOJOTHja (MeToma u ObGJauKa pana), rie MACUBHE U PENpOIyKTUBHE
OJHOCE CBe BHUIIE 3aMEHYjy aKTUBHO yUe€He U Pa3BUjame KPEATUBHOCTHU U LJE je IPUCYTHO MPUIUIHO
MHOro no3utuBHux HoBrHAa. HajBehe nmpomene cy ce unak mecuie y cdhepu HACTaBHUX CPEACTABA, IIE je
NPUMEHOM CaBPEMEHUX MH(MOPMAIMOHUX TexHoJsoruja mMoryha MHOro oumrienHuja u epukacHUja HAC-
TaBa KOja UMHM Ia C€ y jeIVHUIM BPEeMeHa ITOCTUIHE MHOI'O BUIIE HEro y KJIACUYHO] HACTAaBU. AKO ce
CBeMy IPETXOTHOM J0Ja U HEONXOJHOCT IPOMEHA y MOTHBAIUU yUEHUKA, jep je IPETXOIHO Hajdell-
he xopumhen moTus - onena, y mebhyBpemeny (UumHM Ce HEKPDUTMYRM W HENOTPEGHO AMjaMETDPAJIHO)
n3rybuo 3Ha4aj, OHAA IOCTAaje jacHO Oa je BpeMe 3a pa3MaTpame CBUX HABENEHUX U jOII HEKOJIUKO
HEeHaBeIeHUX mpobiema.

Cpoja pa3munubama He OUX M37Iarao Kao KaTerOpudHe CTAaBOBE, jep Cy MU 3a CBAKU OJf HaBeICHUX
cerMeHara NOTpebHA er3akTHA WCTPaKMBAMa KOJjUM OM MX IOTKPENNO, ajli MUCIUM Oa OM OArOBOpPU
Ha HEKOJUKO NMUTAalka NaJIX 3HAYajaH NOIPUHOC TEMU O KOjoj je ped:

1. VImamo nm crHare, cpencTaBa M JbyIOU [Oa& KOMIAPATUBHUM KUCTPAKMABABUMA CTamha HACTABE
MaTeMaTHKe KOJ HAC M Y CBETY, OAPEANMO HAILY TPEHYTHY MO3UIU]jy !

2. Kako opramuszosaTy pan Ha UCTPaKABAmBUMA, aHAJU3AMAa U KOPUIINEny q00ujeHnx pesyarara’

3. Kako Ha OCHOBY mOOUMjeHMX MCTPAKUBAKHA U BUXOBUX PE3YyITaTa OAPEIUTH Yy KOM cMepy Tpeba
na ce kpeliy mpoMmeHe Kaa ce TOBOPU O CTPYYHHUM, aJid U JUIAKTUIKO-METOINUKIM ACIEKTUMa HAaCTaBe
MareMaTuke?

4. Kako ocMuCINTH 1 OPTAaHM30BATU CHCTEMATUYAH PaJ Ha peald3aliju IPeTXOAHO HabpojaHux
nocJsioBa?

5. Kako obe3bemuru na crpaTermja IpoMeHa KAao Pe3yTaT yUYMHeHNX HCTpaKuBam.a Oyne u pe-
aJr30BaHa, all U KOHTHMHYUPAHO U cucreMcku npahena u ynanpebusana (akupoHM IIaH, HEOIXOIHA

CpeACTBa, MHCTUTYLYje, KAIPOBH ...)7
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Pa3Boj u nmniemenranuja oopa3oBHe niargdpopMme eBexdaonuna

Iyman [lamuh

Yuueepsumem y Leozpady, Pakyamem opzanusayuonuz wayka, Jose Uauha 154, Leozpad, Cpouja
e-mail: dusan.dzamic@fon.bg.ac.rs

Bpanucnas Parbemosuh

Ynueepsumem y Huwy, Eaexmponcxu gaxyamem, Anexcanopa Medeedesa 14, Huw
3a600 3a 8pednosamee Kearumema obpasosama u sacnumamna, Padbpucosa 10, Leoepad, Cpbuja
e-mail: brandjelovic@ceo.gov.rs

Mupocaas Mapuh

Ynusepsumem y Leoepady, Mamemamuuxy daxyamem, Cmydenyku mpe 16, Leoepad, Cpbuja
e-mail: miroslav.maric@matf.bg.ac.rs

Ancrpakr. MunucrapcTBo nmpocBeTe u 3aBOJ 3a BPEIHOBAHE KBAJUTETA OOPA30BAHa U BACIU-
Tama, Yy OKBUDY 3ajeIHUYKOr NMPOjeKTa, a y capanmu ca eYupasoM, MaremaruyskuMm ¢(axynaTeToM U
PakynTeToM OpraHU3alMOHMX HayKa Y HuUBep3uTeTa y bBeorpany, kpeupaJsu cy OeCIUIATHY W jABHO
nocrynny miaarpopmy eBexbaoununa. OBa minardopma omoryhasa ydeHMnuMa Oa HA CBOM MaTEPH-
jeM je3ury Be:kOajy M mMpoBepaBajy CBOje 3HAHE TOKOM MPUIPEMa 3a 3aBPIIHKM WCIOUT HA Kpajy oc-
HOBHOI 00pa3oBama U Bacuurama. lliarpopma caipsku 3amaTke U3 ceiaM npeaMera (CPICKU je3uk /
MATEpPHU je3UK, MaTeMaTUKA, (U3NKA, XeMUja, OMOJIOrUja, reorpaduja U UCTOPUja), pacuopeieHe Ha
Tpu HHMBOA Te:kuHe (OCHOBHM, cpenmu u Hampenuu). IIpexo 4000 3amaTaka CacTaB/LEHO je y CRIALY
ca 00pa30BHMM CTaHIAPAUMA HA CPICKOM je3WKYy M OCaM je3uKa HAIUOHAJIHMX MamuHa. llmarpopma
eBexbaonuna je pasBujeHa xkopumhemeM MOIEPHUX BeO TEXHOJIOTHWja W NPUIArOAeHA je Pa3IUIUTUM
ypefajuma, ykmydyjyhu pauynape, rabnere u namerte tenegone. 3a norpebe naardhopme pasBujeH je
CIIeNUjaIn30BaH Je3UK 38 KPEUupame Pa3inuuTUX TUIOBA 3aJaTaka U Je(PUHUCAHE HUXOBOT BU3YEIHOT
umaraena. Osaj jesur omoryhasa jemHocTaBaH YHOC PasiIMUUTUX TUIOBA 3aJaTaka (BUIMIECTPYKU W3-
6op, KpaTak OAroBOp, u3bOp y Tabeau WTH.) U He OrPAHMYABA ayTOPe Aa MPUIUKOM OCMUIILABAHA
3ajaTaka KopucTe yHampen ne¢umuucane mabione. Ilopen rora pasBujeH je TEKCT mpounecop Koju y
peasHOM BpeMeHY KOMIIajlIupa YHETH caapakaj Ha Ne(UHUCAHOM je3UKy U NIPUKa3yje M3TJel 33 0aTKA
HaMemeH yueHuky. eBesxGaonura je Beoma mo6po npuxsalhiena ol cTpaHe yUYeHUKa AU U MUPe jaBHOCTHA
U TpeNCTaB/ba 3HAUAJAH KOPAK Ka AUTUTaJm3anuju obpasosama y Cpbuju, uynehu Gecnnatue m moc-
TynHe 06pa30BHE pecypce 3a YUCHUKE U MoAp:kaBajyhn pasznuywmre cTUIOBE yuema U morpebe yIeHuKa
y HIpOIeCy IPUIpPEMe 3a 3aBPIIHNA UCINT.

Kipyune peun: eBexGaonuna; 3aBpumn ucnut; o6pa3HoBHA IIaTGopMa.

Bubauorpaguja

[1] M. Marié. Platforma eZbirka. U: Zbornik radova sa nauénostrucnog skupa Informatika 2014 - novi
trendovi u Tazvoju informacionih sistema, Beograd, Srbija: Drushtvo za informatiku Srbije, 2014, pp.
24-28.

[2] M. Mari¢ & I. Kovadevié. Razvoj i primena obrazovnih platformi. U: Potié, S., Slavkovié, S.
(Ur.), Tematski zbornik radova medunarodnog znacaja Elektronske komunikacije i informaciono-
komunikacione tehnologije, Novi Sad: Drustvo defektologa Vojvodine, 2017.

[3] I. Kovadevi¢. Pripremanje svih uddzbenika za polaganje zavrsnog ispita iz srpskog jezika i knjizevnosti
u digitalnom okruzenju. KnjiZevnost i jezik, 2021, LXVIII/2, Beograd: Drustvo za srpski jezik i kn-
jiZzevnost Srbije.

[4] Ministarstvo prosvete, nauke i tehnoloskog razvoja. Okvir digitalnih kompetencija - Nastavnik za
digitalno doba. Beograd: Zavod za unapredivanje obrazovanja i vaspitanja, Ministarstvo prosvete,
nauke i tehnoloskog razvoja, Zavod za vrednovanje kvaliteta obrazovanja i vaspitanja, 2019.
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[5] Zavod za vrednovanje kvaliteta obrazovanja i vaspitanja. Onlajn i hibridno uenje - Dugoro¢na streml-
jenja i kratkoro¢ne smernice. Beograd: Zavod za vrednovanje kvaliteta obrazovanja i vaspitanja, Cen-
tar za obrazovnu tehnologiju, Centar za ispite, 2021.

IloBpmwuHa 1 3anpeMuHAa - HEKUM MHTEPECAHTHU (EHOMEHU

Maper Cserauk

Ynusepsumem y Leoepady - Mamemamuuru garyamem, Cmydenmeru mpe 16, 11000 Leoepad, Penybauxa Cpbuja
e-mail: marek.svetlik@matf.bg.ac.rs

Muman Krexesuh

Ynusepsumem y Leoepady - Mamemamuuru garyamem, Cmydewmeru mpe 16, 11000 Beoepad, Penybauxa Cpouja
e-mail: miljan.knezevic@matf.bg.ac.rs

Ancrpakr. Y 0BOM m3saramy pa3MOTpulieMO IOjMOBE MOBPIIMHA (UIYypPe y PABHU, MOBPIINHA
¢urype y mpocTopy u 3aIpeMmuHa Teja y npocropy. Bunehemo rako ce onrosopajyhe ¢opmyiie n3Bone
ropumhemeM MHTerpaJa, ajll U KaKO ce HeKe O IbUX MOTY M3BECTH eJIeMeHTapHO. Y ka3daheMo Ha Heke

WHTepeCaHTHe (eHOMeHe KOje Ce MOT'Yy YOUWTU IPUJIMKOM M3BODema OBUX (GopMyia.

Kipyune peun: IloBpmraa ¢urype; moBpmrHa IOBPIIN; 3alpPEMUHA TEIA.

Iudepennujanne jemaaumue u moryhaoct npumene ChatGPT-a y
HACTaBU MaTEMATUKE

Tarjana CrankoBuh

Deozpadcka axademuja noca08HUT U YMEMHUNKUT cmpykosrus cmyouja, Beoepad
e-mail: t.stankovic12@gmail.com

Ancrpakr. I[Ipomene y HACTaBHUM IIAHOBUMA U NPOTPAMEUMA OOBOIE OO0 IOjaBe€ HOBUX M3a-
30Ba y Ha-CTABHOM IPOIECY. JemaH On TAKBUX M3a30Ba je W HEJOCTATAK AIEKBATHE JIUTEPATyDE 3a
nojenunae u3bopHe mpeamere. IIpema HACTaBHOM IIAHY W OPOrpaMy 3a YETBOPOTOAUINEBU O0OPa30BHU
IpoduUI eNEKTPOTEXHNYAD MHPOPMANMOHUX TexHosuoruja [1], y oxBupy m3bopHor npemvera V3abpana
OrJyIaB/ha MATEMATUKE Y UEeTBPTOM pPa3peny Cpedme CTPy4YHe ImKojie obpafdyje ce u tema ludepennn-
jamue jenuaumne [2]. Canpskaj oBe TeMe yriaBHOM HUje y nejgoctu obyxsaheH akTyesHUM yUOEHUINMA
KOjU ce KOopucTe y HacTaBu. [IpuMmeHOM mOjequHMX OHIAJH ajaTa HOCTYIHMUX KAKO HACTABHUIIMMA TAaKO
U y4yeHuIrMa, Moryhe je yHanpenanTu Ha-CTaBy MaTeMaTUKe M JOHEKJe mpeBa3duhy nocrojehe uzazose.
Y criany ca ThM, UMajyhu y BUAY PanuAaH Pa3BOj BEIITAYKe MHTEJIUTEHINje, Y OBOM DALy pa3MaTpaH
je u morennujan ChatGPT-a y npy:kamy momaTHe HOAPIIKE yUYEHUMA IPUINKOM yCBajama Ccaapikaja

u3 obnactu udepeHnujasnux jeqHadnrHa.

Kmyune peun: mudepennujanue jemunauune; nactapa maremaruke; ChatGPT .

Bubauorpaduja

[1] https://www.zetss.edu.rs/resursi/nastavni-planovi/
[2] https://www.zetss.edu.rs/wp-content /uploads/2018/11/etit oo 01 2018.pdf
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IIpo6semMu pa3smepe y OCHOBHOM U CpeIH-€M 00pa3oBamy

Panocnas Boxuh

Ynusepsumem Edyxonc, Yvwumencku paryamem, Cpemcra Kamernuya
Tumnasuja ”Ceemoszap Maprosuh”, Hoeu Cad
e-mail: radoslav.bozic@gmail.com

Ancrpakr. V3yuaBame pa3smepe mouWme y OCHOBHO] IIKOJIW, & pa3Mepa M HPONOPUMja Ce IO-
jaBmyjy y BehuaM MareMaTuykux caapskaja, TOKOM LEJIOT IMMKOJ0Bama yueHuka. Ilopen MmareMaTuykmx,
pa3Mepa ¥ IpONOpIKja Ce MOjaBbyjy W Yy HACTABHUM CAAPXKAjUMa APYTUX IPeIMeTa, Kao MITO Cy Te-
orpaduja, TEXHUYKO U MHPOPMATUYKO 0Opa3oBame, (PU3UKA, XEMUja, CTPYUHU NPEAMETU Y CPETHBUM
mKoJaMa, UTA. 300r Tora ce, KOA M3ydaBama pa3Mepe, YeCTO IPUMEHYjy HpobJeMCKU 3amamu, 3a
yuje je pemapame HOTPeOHO IPUMEHWUTH, HE CaMO MaTEMATUYKO, HETO U 3HAWE APYTUX NIPEAMETa.
YIPKOC BUXOBOj HE MaJIOj 3aCTYIJLEHOCTH y HACTABH, 3HaUYajaH OpOj yUeHUKa MMa IoTemkohe y mpu-
MEHU pa3Mepe U MPOIOpIMje y pelnmaBamy peayHux npobsema. Ilpumena caBpeMeHe TexHOJOTHjE Yy
HacTaBu oMoryhasa fa ce m3ydaBamy pa3Mepe IPUCTYIM KPO3 pellaBarme peasHuX IpobieMa, KaKBH,
0e3 nmpuMeHe 0aroBapajynux COPTBEPCKUX pellema, He 01 OMIN IpUMEDPEHN HaCTaBU MAaTEMATUKE ¥ OC-
HOBHUM U CpeImUM ImKoiaMma. VicTpaskuBame, koje je cipoBeneno y ['mmuasuju ” Ceetozap Mapkosuh”
y Hosom Cany, mokasaino je ma mpumeHa oaroBapajyhux mpobiema, koju he 6GuTu mpencTaB/LeHUN yu-
ecunnrMa KoHrpeca, y OKpy:KeHY AUHAMUYKOL COPTBEpA, NONPUHOCKU 00Jb0j MOTUBHCAHOCTH YUCHUKA

3a M3yuaBame pasMepe, alu U APYyrux (He caMo MaTeMAaTUYKUX) HACTABHUX calpsKaja.

Kmyunse peun: lunaMMuyku copTBep; IPOOIIEMCKHI 3a0aIM; Pa3Mepa.

Bubauorpaguja

[1] R. Adjiage, F. Pluvinage. An Experiment in Teaching Ratio and Proportion. Educational Studies in
Mathematics, 2007, 65, 149 - 175.

[2] D. Ben-Chaim, Y. Keret, B. S. Ilany. Ratio and Proportion - Researhc and Teaching in Mathematics
Teachers’ Education (Pre- and In-Service Mathematics Teachers of Elementary and Middle School
Classes). Sense Publishers, Rotterdam, Netherlands, 2012.

[3] L. Parish. Facilitating the Development of Proportional Reasoning through Teaching Ratio. In: The
Annual Meeting of the Mathematics Education Research Group of Australasia, Freemantle, Western
Australia,2010, pp. 469 - 476.
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KypukyisiyM MareMaTuke y HAIOj 3€MJbU U OKPYKEHY

Munaun I'pyjun

Ikoacka ynpasa Hoeu Caod,Byresap Muzajara Hynuna 6
e-mail: milan.grujin@mpn.gov.rs

Boxunap P. Munanosuh

Tumnasuja Maadenosay, Kpawa Aaexcandpa Obpenosuha 25
e-mail: milanovic.boza@gmail.com

Ancrpakr. Ha mouerky m3marama ocBpryheMo ce HA pa3anyure qeGUHUINjE KYPUKYIyMa v obpa-
30Bamy W Ha Pa3IMyuTa IIBaTama KypukyiayMma. HaBemhemo kparak mcTOpujaT pasBoja M MIBATAA
KypuryiayMma. Habpojaliemo riaBue ocobuHe KypUKYyJIyMa y CaBPEMEHOM OOpa30Bamy U MPOAUCKYTO-
Batu 0 BuMa. lleHTpasHu neo m3narama ogHOCuMIle ce HA ymopebuBame KypUKYJIyMa y 3eMibaMa y
okpy:kemy. lllta MokemMo mpuMeHuTH y HameM 0Opas3oBHOM cucTtemy! KOJMMKO Cy KypUKYyIyMU IIPU-
snarohenu HOBMM mporpamMmma HacTaBe U yuema 3acHOBaHUM Ha mmoanMa? Kako Ha Haj6o/mu HAUMH
HaCTaBy MATEeMaTHUKEe HPUIArOIUTH HoTpebaMa caBpeMeHUX Kypukyijayma? Y CBAKOM KyPUKYJIyMy Ha-
riiacak ce CTaBJ/ba Ha IUJLEBE, 33JaTKe U Caapskaje KOJU Ce MOPAajy ONepalrOHAJIN30BATH, PEAN30BATI
¥ yunHATH MepibuBuM. PazmorpuhieMo KOIMKO y meMy mojias3e IO m3paskaja KapaKTePUCTUKE MOIEPHE
HacraBe (audepeHmmjanuja, npojekTHa Hacrasa, kopumheme VKT — a). Ynopemuhiemo mpucycrso
OBIX KapaKTEPUCTUKA Yy HAIIOj 3€MJbU U 3eMJbaMa y HameM Okpyxkewy. [loceGan ocspr hemo mampas-
UTU Ha CaIp:Kaje KOJU Ce MOr'Y IPUMEHUTH IpU paay Ca AapOBUTOM xeunoM. la ju cy OHU 3aCTyIlLEHU
y noBosbHO] Mepu? A y orkoxauM 3emibama’ lahemo mpemsore rako ce canpskaju U3 KypUKYIyMa
Mory mpuiaroautu nmorpebama mere koja pame mo MOII — y 3. Ilokaszahemo mpumepe kako ce moje-
OUHY CAAP:KAJU Ky PUKYIyMa MOTy monaTHo npubmmsurn yduenunuma kopumhemem KT — a. [Toceban
neo manarama ogHocuhe ce Ha IPUCYCTBO BepoBaTHONE y KyPHUKYJIYMy M HOYETKY HEHOT M3ydYaBama
y obpazoBamy. Mummema cMO ma ca m3ydaBameMm tpeba mouerm Beh y 5. paspeny ocHOBHe mIKOJIE.
Hapemhewmo npumepe koju cy ,,3rogan” 3a modeTHO m3ydaBame OCHOBa BepoBarHohe. Ileo Kypurymyma
npencTaBbajy W campskaju OIpeABUbheHu 3a ceknuje um BaHHAcCTaBHe akTuBHOCTHU. Ilokazahemo mprmepe
KOjU Ce MOr'y KOPDUCTUTH 33 BaHHACTABHE AKTUBHOCTU U CEKIUjeE.

Kipyune peun: xkypurynym, nudepennujaruja, VMOII -3, BepoBarrnoha.

Bubauorpaguja

[1] Pamam marepujan 3a 30upky 3amaTtaka 3a 5. paspen OCHOBHE miojue ayropa Mwunama I'pyjuma,
Boxnnapa P. Munanosuhia, Bojane Anenuh n Anercanapa bpsaxkosuhia.

[2] Marepujan kopumhen y uspamu cemuHapa ,Jla Matemaruka Oyne Jaka 3a CBakor haka', Kar-
asomku 6poj 404

[3] https://www.hidmet.gov.rs/ciril/prognoza/beograd.php
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Hyperbolic geometry, geometry of the Minkowski space, the Mobius
transformations and the special theory of relativity

Miodrag Mateljevié

University of Belgrade, Faculty of Mathematics and Serbian Academy of Sciences and Arts
e-mail: miodrag@matf.bg.ac.rs

Abstract. We review basic property of the flat geometry based on everyday intuition which is called
Euclidean geometry (or parabolic geometry), and the non-Euclidean geometries which is called hyperbolic
geometry (or Lobachevsky-Bolyai-Gauss geometry), and Minkowski geometry which is related Einstein’s
Postulate 2: The speed of light in vacuum is the same for all observers, regardless of the motion of light
source or observer as well connections between these geometries.

In particular, we try to make a mathematical model motivated by the special theory of relativity,
without using the second postulate of Einstein, and to consider it. We try to conclude that the two way
speed of light is invariant.

Keywords: The Minkowski space; the special theory of relativity
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Two interesting triangle geometrical problems

Vladimir Baltié¢

ATUSS - VISER, School of Electrical and Computer Engineering, Belgrade, Vojvode Stepe 283
e-mail: balticvladimir@gmail.com

Predrag Vilotié

School of Electrical Engineering, Belgrade, Bulevar kralja Aleksandra 73
e-mail: viloticpedja@yahoo.com

Abstract. First problem statement: Let ABC be the triangle with angle at the vertex A equal to
60°. Let H be the orthocenter of that triangle, P and Q centers of length BH and CH, respectively, M the
intersection of the normal on BH at point P with line AB and N intersection of the normal on CH at point
Q with line AC. Prove that the points M, H, N, O belongs to the same line.

Second problem statement: The bisector of the interior angle at vertex A of triangle ABC intersects
BC at point D. If AD = AB and AD is perpendicular to OH, where O is the centre of the circumscribed
circle and H is the orthocentre of that triangle, calculate triangle angles.

Both problems were on Serbian mathematical competitions, and appeared to be not so easy but with
nice pure geometrical solutions. In solutions we used simple geometrical properties: triangle congruencies,
central and peripheral angle in the circle, simple angle chase, bisector of isosceles triangle.

Keywords: triangle, orthocenter, bisector, circumscribed circle.
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Enhancing C++ Programming Skills through Collaborative Peer Feedback
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Abstract. Student collaboration is increasingly emphasized in modernized informatics curricula to
achieve competency-based learning outcomes. This evolution challenges the traditional individualistic ap-
proach in education and requires a revision of assessment practices and feedback to ensure constructive
alignment. Considering that project collaboration is particularly emphasized in the field of informatics,
significantly affecting later work in industry, it is crucial for students to become familiar with collaborative
work during their studies and learn to give and to respond suggestions adequately.

In this study, students initially worked individually on various projects applying basic object-oriented
programming concepts in C++. Following this, they were divided into groups of three, where each member
reviewed and provided feedback on two projects, encouraging a collaborative learning environment. This
setting has proven to provide valuable formative feedback on professional behavior and programming skills
in C++, while also presenting the challenge of understanding "foreign code".

Even though 64% of students were new to commenting on other’s work and providing suggestions, a
remarkable 88% of them later made corrections to their work based on the received feedback. Providing
formative peer feedback early and often supports the growth of crucial competencies in informatics edu-
cation, like self-regulated learning essential for teamwork.

Keywords: peer feedback; object-oriented programming; education; foreign code analysis.
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One-to-one mapping as a key factor in understanding the cardinality of sets among
engineering students.

Milo§ Vucié
Faculty of Mechanical Engineering, University of Belgrade
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Abstract. The use of different task formats (related to the same concept) has proven to be a good
strategy for eliciting cognitive conflicts and opportunities for deeper analysis of responses. Through its
application, we attempted to explore how engineering students deal with tasks related to the concept of
set cardinality. The study involved 269 students from two universities: the University of Belgrade and the
University of Novi Sad. By analyzing students’ responses, we discovered the most common misconceptions
in solving such tasks and why understanding the concept of functions (one-to-one mappings) played a
crucial role. The results of this research indicate the need for a thorough treatment of the concept of
functions in elementary and high school, as understanding this concept serves as a crucial foundation for
further acquisition of more complex mathematical concepts.

Keywords: cardinality of sets;one-to-one mapping; misconception; engineering students;
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Learning Mathematics Using Chatbots

Dorde M. Kadijevié
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Abstract. Al-based applications named Chatbots could be used in education to arrange personalized
learning activities and provide time-saving teaching supports (e.g., [ 1]). Their users interact with them
in the following way: the user asks a Chatbot questions and clarifications and receives from it human-
like answers and suggestions. Focusing on specific aspects of mathematical, statistical, and computational
thinking [ 2, 3, 4], this contribution examined how Chatbots could be used to support the learning of
mathematics. It was found that when prompted with clear and specific instructions, the applied Chatbot
could solve a variety of tasks (e.g., analyze given graphs in statistical terms, solve a geometry task that
connects the elements of an isosceles triangle, explain how to calculate the square root of a number
using approximations). The examination showed that, in general, Chatbots can solve problems in steps
(demonstrate decomposition & algorithmization), derive a common pattern from concrete examples (act as
if abstracting & generalizing), or explain how to outsource certain computations to computer programs (give
algorithmization & automation). However, some solutions may be too general, just partial, or even wrong,
requiring the submission of carefully crafted additional prompts — a challenging task for most students.
It is thus important to examine the influence of this novel kind of learning on students’ achievement in

mathematics and their self-confidence in learning it (e.g., [ 5]).

Keywords: Chatbot; learning; mathematics.
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Using GeoGebra for Enhanced Visualization of Economic Functions
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Abstract. For years, GeoGebra has been established as a powerful tool for learning topics related
to functions. Numerous studies have proposed the implementation of calculus teaching using GeoGebra
effectively, along with the effects of such teaching on students’ achievements and motivation. Over the
years, we have observed that students enrolled in the Introduction to Financial Mathematics course fail
to recognize the connection between the properties of real functions they explored during their previous
mathematical education and the concepts of economic functions, where significant number of problems are
solved using the appropriate properties of linear, quadratic, and other polynomial functions. In line with
this observation, a methodological approach was devised based on the use of the GeoGebra software package
for visualizing economic functions, aiming to help students apply their previously acquired mathematical
knowledge more successfully and efficiently in solving specific problems related to economic functions.
Research results indicate that students have made noticeable progress in applying knowledge related to
determining zeros, signs, monotonicity, extreme values of functions, etc., in the context of solving concrete
problems related to economic functions. In this way, students have not only reinforced their existing
knowledge but have also become proficient in interpreting it in the given context.

Keywords: GeoGebra; visualization; economic functions; properties of a function.
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